Fall 2007

Course: ADVAN CED STRENGTH OF MATERIALS (ASE/EM 339)
Unique No. ASE 13615 EM 14115
Room: WRWS3E2 R St
Time: MWEF 2:00 - 3:00 pm
Instructor: Stelios Kyriakides (WRW 108)
Office Hours: MWEF 3:00 - 4:00
A-gpm
Teaching
Assistant: Rong Jiao (WRW 214) Office Time Th 1:30-2:30 pm
Recommended
Text: “Advanced Mechanics of Materials,” 2™ Ed. 1999 Cook, R. D. and Young, W. C.,
Prentice Hall,

Evaluation: Homework 10%

Two Quizzes 50%

Final Exam 40%
Homework:

Homework will be assigned weekly; it will be due EXACTLY one week from the day of
assignment. 10% of credit will be deducted for every day it is late. Homework turned in 5 or
more days after the due date will not receive any credit.
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ADVANCED STRENGTH OF MATERIALS (ASE/EM 339)
QUIZ #1

Wedneéday, October 17, 2007; 2:00 — 3:00 p.m., RLM 5.116

Closed Book Exam

1. Side AB of a plate is loaded by a tensile stress of 10 ksi and by a shear stress of 5 ksi. The
strain along AB at point O is measured to be 0.0002.

a. Calculate the stresses and strains at point O relative the frame (x-y)O given that E =
10,000 ksi and v = 0.3 (assume also that a state of plane exists).

b. If all the loads applied to the plate are increased proportionately such that the stresses are
a(oy, oy ny) where a = const., find the maximum allowable value of « if the material

yields at an axial stress of 70 ksi.
Hint : Use the von Mises yield criterion.

2. A long beam is made of two halves of different bending rigidity, with the left half having
rigidity 2E7 and the right half E7 (see figure). The beam rests on an elastic foundation with
stiffness & per unit length, carries a uniform load g, per unit length and a point force P at the
point of discontinuity. Sketch the deflected shape of the beam and calculate expressions for
the deflections in the two halves. For a bonus of 2 points sketch also the deformed shape if
the load P is not applied.
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ADVANCED STRENGTH OF MATERIALS (ASE/EM 339)
QUIZ #2

Monday, November 19, 2007; 2:00 — 3:00 pm, RLM 5.116

Closed Book Exam

A thin-walled ring structure of bending rigidity EI consists of two half rings pinned together as
shown in the figure. The top hinge is fixed in space and the bottom is connected to a spring of

stiffness k. Use Castigliano's theorems to calculate the deflection of point B due to the two point
loads P hanging from the ring.

A simply supported beam carries an axial tensile load N, and a point moment M, applied
at one end (A).

(a) Calculate an expression for the deflected shape of the beam.
(b) Write down an expression for the horizontal displacement of point B.
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ADVANCED STRENGTH OF MATERIALS (ASE/EM 339)

Homework #1 due 14Sept 07

1. Given the stresses on the two intersecting surfaces shown, calculate the principal

stresses at this point:

2. The edge AB of a plate is unloaded. The maximum shear stress at point C on this sur-
face is 9 ksi. Find the state of stress at point C' with respect to the system of axes given.

3. A flat plate of unit thickness is loaded with uniformly distributed forces p and ¢ per
unit length as shown in the figure. Calculate the stresses in the plate.
Hint: First calculate the traction vectors on the boundaries. Use these to calculate the

Tty

stresses.
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ADVANCED STRENGTH OF MATERIALS (ASE/EM 339)
Homework #2

1. The plate in the figure is loaded in its plane and deformed as shown. Calculate the
displacements u(z,y) and v(z,y) and the strains at point B.

3im

A 2!
c B
WL\ Defaxmad
3%.0m Undefoxcmedh
1.5 v =
[e) A 0 X

2. Verify that €&z = Ky? 4+ Czy
e = K(z2+y*) + Cy
Yoy = Cy
represent a possible state of strain if C' = 4K.
3. By considering the deformation of a cube, show that the change of volume for small strains
is given by
AV = (e, + €6+ €,)V

(V' = volume of the cube)

4. A strain gage rosette is used for measuring the strains at a point on a plate. Given the
arrangement of the rosette (see figure) and the measured strains, calculate:

(a) &, € and gy,

(b) the principal strains and the principal directions,
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Solve the following beam problems:

(@)

(b)

(©

(d)

ADVANCED STRENGTH OF MATERIALS (ASE/EM 339)
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Find an expression for the displacement v(x)
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kbeam(Lo’EI’k) = L2 o i L2 L,
o 0
—12-EI —6-E1 24-EI —12-EI 6-EI
0 0 0 3 3 +k ———
2 3 2
L, Ly Lo Ly Lo
6-El 2-El 8-EI —6-EI 2-EIl
0 0 0 2 L 0 L 2 L
L, 0 o L, 0
-12.EI  —6-EI 12EI —6-EI
0 0 0 0 +k
L03 L02 LO3 Lo2
6El 2Bl —6El 4EI
0 0 0 0 0 : - Vi
L, = L, ’ 4
EL rime = 29000-22.1 a:= 192 L ime = 6409 1 o
El = Z'Elprime L0 =96 6
4% E].p EI=1.282x 10
“=prime
k.=—3—— P:= 3137 Kk = 4346
a
-1 o
u(Lo’EI’k’P) = kbeam(Lo’EI’k) “Fyp(P) — OLVIOUSIY 1NCOYYECT |\ can't £ 1vid
P ,
-1.85 Uy C‘$ Gt o e \i
0.0208 MY VW, Lo )
~0.354 ’
cloger 1 ap DY
u(Ly,ELKk,P) float,3 — | 0.00985 a
0.126
0.00152 [
0.136
—0.000604
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ADVANCED STRENGTH OF MATERIALS (ASE/EM 339)
Homework #4 dve 12 0c®oer0T

Find the equations for the deflections of the semi infinite beams shown below.

P
o
LW
SN,
M
¢—
AN
fle—
ol |
I
&-—
-V
N T
Be—
NN
/-
X N n:t
m
)

A long beam of bending rigidity EI is resting on an elastic foundation of stiffness k/per
unit length. Calculate expressions for the deflected shape of the beam when two
concentrated moments M, are applied as shown in the figure.

A A Ay A A Ay e s B | VA A A A A Sl B S R A A Y S Y |



A long beam rests on an elastic foundation and is loaded over part of its length with a
uniformly distributed load g,/unit length. Find the deflection at point C shown in the

figure.

B <% o a

\ R \ \ Y Yy ¥ Vv

355 B 08 B0 W b B N 0N

//////////////////'////_//(//
‘|< o >|[\ X k

Find expressions for the deflection of the semi-infinite beam resting on an elastic
foundation shown below.

=
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AV (X)) d%vq
d4v - —x'/l -:o(éAdzz:-— oD
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e SER s { %\
cons\c\ermz\)z v(eY=o0,v (0)70 dx2 — Fe »(T—'}"
L Wy a L ha . 3
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\\\\/
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E,5,9,.,- gwen

A= 2 (0,050 + 2 (6.050 v )(6.901)

A= 0D w2

T = Y2 (oo )(0.8501n)% 4

T = 0.02806 \0%

T 2 2 #
ph ——b_\..(b—-b>] whevre

A = — | S

A & 2

d\;}?:ias
N

T = .00

Si=\\n

€ =30 %10 pe)
&= 1L5S% \0‘°‘>g'\

2 (o.0s a0 Do ATSIn)*

= 21V=0.\0\n

b: ‘N

W=\
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1= 10 E:=30x 10°

G- 15x 10°

/&V:: 20

T .= 0.05

AN

s:=1.0

AN

A=2Ts+2T(s-2T) A=0.19
2
1
I:= —2-T-(s — 2-T)3 +2.T-s & T 1=0.029
12 2 2
ti=2T
b:i=s
h:=s
hl =s—-2-T
-1
2 h
t-I|b-h 1
o= — |— ——(b-1t) a=0.635
Al 8 8

o x4 x6 L-x3 L2-x2 qo'L 1 (x 5
e +
EI |24 360.Lz

a) w(L,0)=0358

b) vL,y=0373
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An example set-up for Problem 3-b, with typical or simple (=1) values for the constants

Constants with influence:

Constants without influence:

Ly:=50 h:=10 qy =1
T
XA A
fa 0~h2 E := 29000
2
4
Vp(X) == ————sin| —x
E L,

vs(X) =

4o Lo | ( )
——-sin| —-x
E-Ao-sin(G)-(cos(e))2 7r2 Lo

V(%) = V(%) + V(%)

—-0.01

-0.04

-0.05



ADVANCED STRENGTH OF MATERIALS (ASE/EM 339)

Homework #5

Show that the shear stress distribution in an I beam is given by:

_Vbh_2h%+£h_%2
gah e a ) g

Show that for this case the geometric correction factor o used for shear deformations

in beams, is given by:
tl

o4/ o

Consider a cantilevered beam with a distributed load as shown in the figure. The beam
has length of 20 in. and a square cross section of wall thickness 0.050 in. and side of 1
in. The tube is made from an anisotropic material with Young’s modulus of 30 x 10°

. psi and the shear modulus is 1.5 x 10° psi.
a2
q(z) = qo [1 = (f) ] : go = 10 Ibf/in

Calculate the tip deflection assuming

(a) ©4(0) = v(0) =0

(b) vj(0) =0, vi(0)=1

e
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v (H2)= 384\
A 284\ b
%" 1 = L&
. %c: V (L—{Q o 5%9 L4—
T3 T T T Zaamin

ﬂﬁ Xl 2 Mo
V(X)) = ASWVONAX + BCOSWAX +CX + D ~ (=7 y A= gy

\/(°>=O, B4+4O=0 or B=-D

V(XY= AF (ASIOhaxX + BeoshaX )= i}\\:’;

\/“(0): o y
O = 2. -— & = %o —= . 5"
XN E) NO ) % No7\2 )y D N°7\1
\/(L}-.;Q’
e kB - g
ASIDNAL + oA CoshaL + cL = =25
c = L - =/~ —‘—1 cosnNAL ) - Asm\q\_]
L Mo A

v'(W=o0,

Do L)~ X =0
v cosh™ ) 3

2 -+
A (Asianal =0

9o | — cosnAL \
h= Ngﬂ( shL

%o
K, 5 ZNoL

Sublong 1N consiame

%o k’“CGShA %o

= sinA% + coshax —\ | ¥ 2w (L-X%

V(X)) Non® W o 2N, ( )
consndermé

2smh2’52— 4\ =cognXx |

AL 7 AL
f—coshhal 1= 2swin® 5 -\ —aswh ==
SN xL sinh (AL) s\ AL
ona SN 2X = 2.8 Nhx cosh X/
A AL
— 29 7 - synn 5

AL AL Pal =
28w 2 con i cosh ==
NOW Consider AX terms -
—sm‘n(a‘-‘—;—\ Sk )+cos‘(\(7\x3cosh(%—)
=
cosh (A
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cosh(x+w) = sinnx SNy -+ cosh % coshny

algo, SINN( = %) =~sinn (%)
coen (%) = coth (X))

— o (2 Y son (A% Y+ cosn () eosn (A5 ) = cosh (25 - »x)

Now ( /
osn ¥
o[c ‘l+&'—x(L 24 3

% s
X)=
Ve Non? cosyﬁf ™o
\\ N T . — e —t— e ————
SV _  quA\[= o (25— 90 .
- 2%
dx No A cosh AL 2MNo (‘L
du- oy (9\1 it PL
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S E

sinh (-%)COS"" (—"z—y_\:'->+—)\—‘£-
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3 2

A 2
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cosh % . coun® (2
=
=‘_2_(3‘_L>5+'43‘“V‘(%3+A7\\_+ L o (F)*2d | AL
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%o co&h(%*‘?\x3 a.
V(XY= N cotn 2= -\ |+ ZNDX(\,-x)
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= %‘,l‘ cos‘nlA“ '+321 =
NoA% | cosh 2= INe 2 2

= d

e Gelt [
4N, M cosh,u.

LM Zcoshpt
Coshm
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i A v/h v-bar/h
0.00 0.0000 0.0000 0.0000
0.05 0.0183 0.0183 0.0183 i
0.10 0.0368 0.0366 0.0368 ‘
0.15 0.0554 0.0549 0.0554 {
0.20 0.0744 0.0732 0.0744 1.0 .
0.25 0.0938 0.0915 0.0938
0.30 0.1138 0.1098 0.1138 0.8
0.35 0.1345  0.1281  0.1345 /
0.40 0.1559 0.1464 0.1559 < 06

0.45 0.1783 0.1647 0.1783 '
0.50 0.2016 0.1830 0.2016 /
0.55 02260 02013  0.2260 0.4 7

0.60 02517 02196 02517 Mr":/ /

0.65 0.2787 0.2378 0.2787 0.2 \ <

0.70 0.3072 0.2561 0.3072 \_

0.75 0.3372 0.2744 0.3372 0.0 4 . . . .

0.80 0.3688 0.2926 0.3688

0.0 0.3 0.6 0.9 1.2 1.5

0.85 0.4023 0.3109 0.4023

0.90 0.4376 0.3291 0.4376 n

0.95 0.4750 0.3474 0.4750

1.00 0.5145 0.3656 0.5145

1.05 0.5561 0.3838 0.5561

1.10 0.6002 0.4021 0.6002

1.15 0.6466 0.4203 0.6466

1.20 0.6957 0.4385 0.6957

1.25 0.7474 0.4567 0.7474

1.30 0.8018 0.4749 0.8018

1.35 0.8592 0.4930 0.8592

1.40 0.9196 0.5112 0.9196 <

1.43 0.9573 0.5221 0.9573

1.46 1.0005 0.5342 1.0005

1.45 0.9831 0.5294 0.9831

1.50 1.0498 0.5475 1.0498

0.0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Non-Dimensionalized Deflection
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Maxienum deflechion occurs o X » Y3

P=500lb . ~: [6,10007]
OCCUYS when
dav s 1
s - _E \‘\ﬁh( > KL) cosn kX — m\'\h‘-\Q\_'S\ﬁhKy —‘3: =]
)

Ne  4ann (kL)

wWhnery Ny =0,

o P Lzt (ZL/3 +242) llL(ZL/5+1L/33/ﬁ,5,59 N

B (L —
From MISC beam defIethon TARNCS

& Y2
2bai( a2y |72
N x= l = \ \3/,\/‘(1/

\«

Valyes 0S8 Ng— 1000 Yo founa USING QOAN SEEK. N EXCE)

Maximum Deflection (in)

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0.0

200 400 600 800 1000
N, (Ib)
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1
100
200
300
400
500
600
700
800
900
1000

2, (cont'a)

A=

A
0.0360
0.0330
0.0300
0.0272
0.0245
0.0219
0.0194
0.0170
0.0146
0.0124
0.0102

e S 1 e éﬁ)ﬁ
e ) 80 | &) &

P —sih 2kl
A swn L

av,

L . coshkx + 2
ax - N $

s S

\ .
ik = P M\l [ces\nkx — okl %“’\‘ﬂKXJ oo

ax Ne tanh¥i-

From nece , Se\Ve appyoximotcly

@’;: (0S)= 0.08> for Ng=\00\o
SQLOY€ VoL | Ahan W\\)\\‘\?\US ‘o\()3 s e
repeot calC . at eatvn wnch (15,255,325 ..)ond sum

Vo\uEs {0 gck 3”( dv \2 5 NI
& ax ) ax

delta positive for shért@n‘ng
L £\ ?
&S \

= S
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ADVANCED STRENGTH OF MATERIALS (ASE/EM 339)

Homework #6 23 octower 2007

1. Follow the step-by-step procedure described below and find the load-deflection response
of a pinned-pinned beam loaded with a uniform load g,/unit length.

e ‘ L%
77777 kEI

i

[

L

A

(a) Show that for the corresponding linear beam (i.e. end supports on rollers) the

. <L> 5 g,L*
2/ 384 EI

Define @, as the value of ¢, for which o <§) = h. Define A as follows:

deflection is

qo_ﬁ(é)
el e

(b) Use your class notes to show that for the non-linear beam the following relation-
ship holds (rectangular section of unit width and depth A).

L7565\ pl H 2 3
(=) £ — 244y Btanhpu =0
3<24) A% Gosn?, 3t TAm T otenhp
where
L[N,
F=5

ET
Plot A against p(0 < p < 1.5) '
(c) Show that the deflection v (%) reduces to

v <§) _ 12 A [2(1 — cosh ) 4 p? cosh p
h 5 ud cosh p

o(L
(d) Use the plot from part (b) to plot % against A(0 < A <1).

(L
(e) Plot A against % on the same plot and compare. What do you conclude?
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ADVANCED STRENGTH OF MATERIALS (ASE/EM 339)
Homework #7

Show that for a bilinear material stress-strain response the moment-curvature relationship for
a rectangular beam (b X h) is given by

)
KL li_l(l_l)("_o) +§(1_1)
e Raeh . =0 o\ K 2 o
where st é‘/-l/'//

2
= Gobh , K, = & o«
6 hl/2 E’

MO

A composite beam consists of two outer beams with elastic modulus E and a ‘core’ beam
with modulus 0.1E. The two materials can be assumed to be elastic-perfectly plastic with
yield stress o,,.

Calculate the moment-curvature relationship for the composite beam
(a) in the elastic regime,

(b) when one of the materials is partly plastic,

(c) when both materials are plastic.

‘What is the ultimate moment of the beam section?

Sketch the stress distributions for all cases considered.

A RN B i il Ji S A0 | 'y

(

¥ 3
& 0.8h | h
7
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Advanced Strength of Materials (ASE/EM 339)

Homework #8

Use an energy method to calculate the changes in length between points AB and CD due to
the applied load P. (Ring has wall thickness 7 << a)

sl ICL

J ~T-d

Use the unit load method to calculate the vertical deflection at point C in the frame shown
below.

j A L ? 1 & ,
/
. All baxs EA
/ e
; 155 D

ABC is a thin semi-circular beam of radius R and bending rigidity EI. Points A and C are
connected with a wire of axial rigidity EA. Calculate the deflection of point C due to the
load P applied at B.
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ADVANCED STRENGTH OF MATERIAL‘S (ASE/EM 339)
: Homework #9

Consider the circular ring loaded with point loads problem. In class we calculated the
deflection of the points at which P is applied to be

Use an energy method to evaluate the additional deflection that will result if the effect of
shear is included. Assume the beam to have a circular cross section diameter 2R (first
show that for a circular cross section beam the form shear factor is 10/9)

P

D

'P

The wing of a light aircraft is approximated as a tapered beam with width b and depth
2
h(x)=h, [1 - %(%)} The beam is loaded with a distributed load g(x) =g, [1 - (%) }

Use the Rayleigh-Ritz method to estimate the deflected shape using
2 3 4
v(x) = al(ﬁ) + az(ﬁ) + a:;(i) .
L L L

YAS Y

i 4 1 |

h» e

/]
/|
Vv
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ADVANCED STRENGTH OF MATERIALS (ASE/EM 339) -
Homework #10

Calculate the first two eigenvalues and corresponding eigenmodes for the column shown
in the figure.

/1 , EL _ >
/ -
ﬂl %’QL

A simply supported column is loaded with a transverse load Q and a compressive axial
load P.

(a) Find an expression for the maximum deflection
Q
l <=V
S ¥

= | =

L= -/

N
3

.(b) For the variables given below, calculate the maximum allowable axial load. Plot P'
versus v(L/2) and identify the critical load.

L=20in
0=501b

o, =50%10% psi
h=b=1in

E=30x%10° psi



ADVANCED STRENGTH OF MATERIALS (ASE/EM 339)
Homework #11

A small dam can be represented as a simply supported plate as shown. Find an
expression for the deflection of the plate.

<EE SS -
e A

The lateral deflection of a rectangular plate with built-in edges of lengths @ and b and
subjected to a uniform load g,, is given by

4 AV 2
IO EANPE AN 50 FARIPS S o
Ll v S| T i

a a a  \b b> b

where cg is a constant. Determine: (a) whether this deflection satisfies the boundary
conditions of the plate; (b) the maximum plane stress components o, and T, at the
center, for a = b.

A square spacecraft panel is subjected to uniformly distributed twisting moment
My, = M, along all four edges. Determine an expression for the deflection surface w.

A circular plate radius R is clamped at the boundary and loaded with a uniform
distributed load g, per unit area. Plot the stresses that develop (i.e., 0,, 0p) on the top

and bottom surfaces as a function of r. Discuss your results.

Calculate an expression for the deflected shape (w(r)) of a circular plate radius R that is
simply supported at the edges and is loaded by a point load P at the center.
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ADVANCED STRENGTH OF MATERIALS (ASE/EM 339)
QUIZ #1

Friday, October 14, 2005; 2:00 - 3:00 p.m., WRW312

Closed Book Exam

An infinite beam of bending rigidity EI is resting on an elastic foundation of stiffness k per
unit length. The beam carries a uniformly distributed load g, per unit length that extends

from x =0 to x — oo,

(a) Find expressions for the deflection of the beam. :
(b) Find the position and value of the maximum deflection.

el [ L1 ] §*

TT i 11101 T TTTT

VA A T RS T e W A
X

A long beam like structure carries a uniformly distributed load g, per unit length. The
beam is simply supported at intervals of span L as shown in the figure. The beam is made
of a composite material with elastic modulus E and a shear modulus G = E/20. The cross

section is rectangular (b X h). Calculate the maximum deflection of a typical span by
including the effect of shear. Find the change in the maximum deflection due to shear
deformation for L/h =10

2

,__LJET{,J,\LJ,J&&LL@LLL\L Ll ngi“;&
> 7777 77/

////
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ADVANCED STRENGTH OF MATERIALS (ASE/EM 339)
QUIZ #2

Wednesday, November 15, 2006; 2:00 — 3:00 pm, WRW312

Closed Book Exam

A thin-walled semi-circular cross section channel is full of water. At the top it is reinforced
by struts of axial rigidity EA. Idealize the problem as a thin-walled semi-circular ring of
bending rigidity E7 (corresponds to rigidity of a unit width) with a single strut connecting
A and C. The structure is loaded by fluid pressure yy (y = pg per unit width, p is the
density of water). ;

Use Castigliano’s theorems to calculate the force in the strut.

A beam caries a uniformly distributed load qo' over part of its span as well as a tensile axial
force T,,- The deflection of the beam is to be approximated by v(x) = a[l - cos(z—fc—)J. Use

the Rayleigh-Ritz method to find the best estimate of a in terms of the parameters of the
problem. : '

a. Is the suggested function suitable? Explain your answer.

b. Can you suggest a second function whose inclusion to the solution will improve the
approximate solution? How will the improvement influence the maximum deflection?

/~ N 7 D v 9,7 ¢
/ U S
2 4 ‘\.EI N




ADVANCED STRENGTH OF MATERIALS (ASE/EM 339)
FINAL EXAM

Monday, December 19, 2005; 9:00 — 11:30 p.m., WRW 312

You can use your class notes and homework but no other material.
A long double walled cylindrical vessel carries internal pressure (P) in the inner cylinder and

external pressure (P/2) in the outer cylinder. The Two cylinders are connected to rigid end-
plates as shown in the figure. The two cylinders are made of the same material with elastic

modulus E, Poisson’s ratio v and yield stress 0,. Given the geometric characteristics
shown in the figure find:

(a) The stresses in each cylinder in terms of P, R and ¢ (use v = 1/4).

. (b) Find the maximum allowable value of PR/ in terms of o,

it s o e sl el £

- 1 7 i
- AR ey 3T
— . e /2 2
B TR R RN i
ot I N e e o =z

P/z

Beam ABC consists of straight section (AB) of length 2R and a circular arc section (BC) of
radius R. The beam has bending rigidity EI, is fixed at A and is supported by a cable of axial
rigidity EA at B as shown in the figure. Use an energy method to calculate the vertical
displacement of point C in terms of P, EI, EA and R.

Hint: At the final stage of your calulations use EA = 3EI/R?.

L2l ——
EQk~ ,, »
/EI .
/B I
: R,
£ R =i (€




ADVANCED STRENGTH OF MATERIALS (ASE/EM 339)

FINAL EXAM

Friday, December 15, 2006; 2:00 —4:30 p.m., WRW 113

You can use your class notes and homework but no other material.

—

1. A simply supported beam is loaded by a distributed force 9 sin% . The beam is made out of
a composite and has a rectangular cross section with the dimensions shown in the figure.

(a) Calculate the deflection at mid-span including the effect of shear given that the shear
modulus of the composite G = E/20 and I = 27781%.

(b) Given that L= 3007 what is the percent change in the maximum displacement from the
effect of shear?

Hint:: You are expected to establish the shear correction factor « for the given cross section.
%
L g¢)
m S
i N '
7“/;77 = )CT v % et Q.D”IL
>

i
{2

p—
lot

2. A thin semi-circular heavy beam of radius R and bending rigidity EI, is simply supported at
the ends and in addition it is supported by a strut of length R/2 and axial rigidity EA. Use
Castigliano’s theorems to find the deflection at the middle support given that the ring weight
is pgA per unit length.

Hint: At the final stage of your calculations use FA = 3EI/ R%.
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The Von Mises and Tresca Yield Criteria
Von Mises postulated (1913) that a material point yields when the distortional energy

reaches a critical value (also Henky 1924). The criterion can be written in several forms

1
g[(al = 02)2 +(0y - 0'3)2 +(o73 —0'1)2] = k2, (1)

1
g[(au = 022)2 +(o2 —033)2 +(033 —011)2 +6(07y + 053 + o3| = k2.

: .. . . o i o .
Calibrated to a uniaxial test with yield stress o,, k= —\/%. The criterion leads to a circular

cylindrical surface in the (07,0,,03) space shown in Fig. 1. Its intersection with the II-plane

is a circle of radius \/gao (see Fig. 2a). For thin-walled circular tubes plane stress suffices

for which (1) reduces to

]1/2 ~0o, @)

2 2 2
[011 — 011022 + 093 + 3073

The principal stress version of (2) reduces to the ellipse shown in Fig. 2b.
An alternative yield criterion due to Tresca (1864) is based on the postulate that

yielding occurs when the maximum shear reaches a critical value which can be written as

max{al_ozzK, %, "3“01=;<}. (3)
2 2 z

Calibrated to the same uniaxial test, K = %. This yield cylinder is hexagonal with the cross

section shown in the Fig. 2a. In the case of plane stress (03 =0), the yield surface reduces to
the polygon shown in Fig. 2b. Both criteria are accepted in structural design. Tresca’s
simplicity makes it attractive in analysis while the continuous nature of the von Mises yield

function has made it the dominant candidate for use in subsequent yielding (flow rules).

2%
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(2D, evc.) . Con’y Mmoxe Seans

ZEXE COYT ccfr\\s.
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& ) /8

l l i K

: % /(A( QE‘ ’MZ 45\

7 | J
v, Va2
£ —Ji ¢ "

‘\,’\(3\'; eﬂ‘ﬁ [C3smﬂ‘7z+c466‘s,u|?;l vy (xy=¢ z [Das\\’w\zﬂ+ D,\,CGSML‘/\]
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ML (0) = Ma (0) = — 28\ ()=—Elv, (0

—28W " (¢) = - P,
i
-8\, (¢y = -¥~ P,
Ancwec .
P | (l)‘/t@
Tzl V&
A (2041
Ca=Da= " S
2e*Cay =Dy
/ML

44> v aatazo+2 | 2AP
(.,3—“—-‘-(—-
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E'Y: E: 5 %Kg

For X > L-0,

1L

x = ax o
¥ ; % pe
L 1
R 5 &
\S\b{_:f-—f e /\SY\OU\C\ YNove o A“r_j“fco
a8
toc B fa L
vl! 1
. 4
S de= (ax*+av2)”
ST Ay
= =% I dvi2T1 L
| [\4— (3) ] sols
b v [ dv\2
& [\4— 3 (-6-;> ]dx
\Cf'\"'\’\‘\: Avrl L"’(& L b éx s -
ts =t o ! R dx) ) %
SN ;
i = | dv \2
(L=p) + SO 'i(c\x) =
NS anTegrat , A moATErS
s ot WY | cncnge VTS
™ (o, ]
= =
foqy DS
eM
sy eten froom
&y\\c,‘\ fﬁ\'ce
Nei- . o ks
Lp B s b (2
TR Sﬁ d*) dx
] A '
TSl = av )L

L pull from axiol \eaad (7))

Syreviin o\ cmj
‘ne ax\s

For X< L-a,

ST

Fa [‘v =Ny 0»\0\'\23\05(@

L Fm
M(x)= R — Ne V(X)) =—®&\v/

No 44—

e el LR
VS o
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A LIV EP g Eo VR 8 T S A
TN = =N CRC
1, o

&%O.\ﬁ,dt"(:\('\er K= =

R
V\Z P\S\\"\hKX 4 Bcoesnen + }\T\ %
(S

P o 1
Vy; = CSINODX + Deethey + R T o Ul o e | QTP D)
Nc, Nr.. N
Bounadtsies:

\{\(0')‘;0 =N CLY= O

. R v
B=6 Ceinhkl + Deoshrl + ?‘ R R Cewvnkl ¥ Deosh L
c 5]
2iPe
Ry T
D =%tanhkL:C
vy (6= v e
d Ry 2P P
R = “osh o + __/ el sy
ASinhka + .97‘{& = Ccsinha +D cos ,)(Co‘ Pl T
(\\ J =3 ( Er=sZioy \ EOH O
— A i — _— O
A c Draakae + T SIONKO 5 S

_except \TS acrually

A ( tra) =V (L"O-B
A sk (L-a) = csinbe(L-0)+D cotne{-o0)

A = [ | — tanhkLceth KLL—Q3] c
V(Lm0 = vf (L=0)

P
Akcosnk(L-0) = ek [Ccsh K(L-0) - conhelsioh (t.—af_l ~ No

p  SWNnN% (-

CTRE  tonkL

T B LG PN (PSRRI
!

e

p=0
poke IE [M — coshk (L0
Ne & tankl
. P - Sinnh <o

Nk S\ e

P =
vixy= — ﬂ.g\ﬁhkx.*o_\(*] %< L=
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Yoke W oa fox os you con® [%O\U‘\_\Oﬁ<v‘( \gcl
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Bea wehavioco
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o= o(e)=c(yk)

S GaA=0, w= g \ﬁGdP\ elesnc perrcc‘r\j
N A plognc responsc

M (oionger defnes CUIVEROCS
£l Ce ' €\OSI\C CTFEN

EXGmMPIC et PAGSTIC SWOWY

Bt

Vy €y J,ec &

J;‘ cannot exceed G

% [ B a O
E € y ner e = Agtence’
M= 2Db So EEydy + |- Coudy | w0 2
2 Wit of lashc seehon

‘f.h/z 2 oy,
:QB[EKB’I i U°%\“/;]

T e \ R
# h/2=T0, e Bk = ek o =K

2, Tl BV . O (W W
" =20 5o (3P« 5 (5-9)]

£

on NEXT Pg -

K/Ke ot = CorvedhYe 0% WL raatea )

>

Firgs yIe\a%, or O
ez
2Co VA
K = = 5 Y\/Ku o /"'\

o}

=4
20 s
o R DL Wl SN
U_\'\l- [ \2 oz Ke
BT EE: S R E

oon” [ o> bh® o bh?
= Ll 2 . E 2 L =, 20
eSS [(Fj"'?['“(K)ﬂém e T A
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L
4 > Me ko
1 Lo
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moment asumpTotes to 2/,

note: &quamon has Ke/k, graph
15 R
W e siope =0, foraney B endvg can occur wWTNoU T
o.ddw\g amn.ﬁ Mmoane Y
noge forms  (Uplasnic ninge D
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4 AT = EAE
=EUAE | K venes hoeans winen unloading
v
—_— W G\)ro(‘\\e
(shovuid ve symmetric)
Lt | 200 Ke .
VT TE = Y I A
ER, Bk
i~ . L "
1tcrl\5‘\$i" ERerEY
For \‘é\$~t\il y TF 0s—EAE = oo~ E (878D
= Oc ™ EY (K\- ()
\'1\/2 h/l
— 2 2 e
e T Sr\‘ Seu By R—Eu
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i
t

A
l
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z Z |
i \
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(e}
(0] residual SIYEQTCS QerosS CXOSS - SecThon

mcecabrs vse snhot p\hh\w% xo rerndve
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Kot N2 curvosrure GF whyan e cutec Qvecs yiera agoan ve oS e
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At (2), O=6o a7 Yy="/2 y=-%)y
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n . e s
=-2-- —26‘,;4—‘;—_5"\\]

~> K2= 20

Wi

) Ke \2
S or. Ke.i. K\ M2 d[u—(‘» )]
-, o = = Bl o _N\b =35 Ky
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o7 each Yi\€laccoovante | a
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-
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Nl*

o

B W ooWt
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{4 \<5 o=EBEe=tyk
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W ool = P
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peam exoon pi\C

J i
g

yYectanguio cross-scen cn

7

/|

b
X
=y 2 s 2
e Gobh Fs = C;::h o Yie 1

M (XY= - PX & to

2L h'Z

_ Gobh Pu=-6°b 4 fail Conged
R 4
consider Pe < P< P

M(x,)= Mc

X< X, beam s exasnc

Bl = B i
M(x):'-—'e\\/\ = — P¥
2
Oy = ! Le
\ p) bE\—FAX 2
X< x £ L, bearm \s elgshc-plashc
Ke
K ey
.l M2
(s 2 .
....VZH:-:.. < y. V= —P¥
N\G's--'PX\
‘_Kc
i
V,

VAT P o
vgco)c (E)

digplacement
A P=P (yie\d)

Gel Ot
N NOMENCYIC

R b

in \ﬁTCSr&T\nSJ Vz(-L):o} VZI(,L\‘z o
v Exi = Lra D
Vi (x))= v, (X0

=\

K=F .7z ceviousiy sicop\Ged
K [H_(V,)l]‘/z P 3
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S — o \engey 4eae
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wnTroduchen

1004 cousec deformo™mON  groves energy
hink of  an elashic band o o.svvww%

LM Z
-le

pDet vy MoNsg
Siyono E(\Cfc‘y\s“’ Hne energy, Stored 0 o loedy Ave To e

deformaGmens  \nduced by exyerna) \cods .

Force= Ox chjdz
cnange W0 \eagtn= dEx dX
ey
= Gydvdracxax =U
Energy So X

[>3ygetia 6&’\6\'(3&5
YN Ve N

Ox

SO enCoqy, dcng\“)*mb=

Ex E
K= jo Gw & Ex

_ d€x |
TR
€x o

cornpPIvMMENTOY u3 sirona en 6(‘3&3

avea OVEr 4ne Ox  Ex cLYYC

Cx matneenancal value ')

", = j. €x A 0x has No prvsical
(]

mCOumﬂCk
More genevally, for a sy % dinensioa )
Siress stave )

E€x Ty €3
= S OxdEx + j Gy €y & S G2d%2
o o o
By ¥xi
4 %
L Oxud ¥xy + So Oyz ¥y + \5‘ %O-‘Pc 6‘5\51
G

CoMPIEMENTACN SToan eNergy is sitior (gdo...)
gKnown incremmenits |

AUl = Ox A Ex + OyAEy+ 02387 + Oxyd¥uy + Uyz dByp + Tx2d¥sa
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&TCon encrgy

\€ re cnoxeniol s poteanal  tihen

_ dWe S\e
Ux = 3 G\Q: sl
A 3%y

IV 3Ue I\
) = dEex d?;.: S T S 1 S
WU, 28x T ' BE, CR RS i

A

¢ Ox Gx2
Wa = S iy diTy = Lo S Exz A Oxe
a

r et ¥xp
c\TA‘f: €x A« + QﬂdGu} < + Ixa MTxa
Qgg_,\r\,\{: pexenm ol (evoane (7))
c
3 UE . i dWUg
%x=.aﬂ) - 9 ha L
30% 3 90y 3 0xx

Hrovoral syrona TOSIGY VTETS i G ooduwy
ws §, woaresen

,\ funtnen ot pocinen

Trhe Tote) complementory Srroin eaeray 1S

we= T US (x)dx Aydz

NOW , WNGY Aoes Leing PeYennic) wesn?

T Clashe meFena\ range

— \WNeox & NON - \\N\COxr

\.\r\cc\ruj CEACSTC fed e G

Ty By
U - LN o i | By
WRo= SQ Ox A€y 30 ETy AEx —EEE,}:IO‘XEX':IE-
= ox Ox YER T 5 g
€x Ue = jg Ex aGx = Sc -?‘dcx:z = T Gtk sEey

U)(_—"EE)L

For Wacany evesne, We=\As

e r——

Mmove g cmcrm\kj .

\A: SA‘ M\cd\/ = 5\/ %_[Ux a)( - G‘\bis‘\" Cf%ocz + UX%KX\_\—P G\S%\d\ﬂ"t r kaxx}l c\\/

dv = dxaydz

v

=j E ——\7—— (EX'+E<3+ E:},\l«-—\- (2-,(2-(- i_:‘“\-‘éa-f')*
¢ 2 [ G+=oa+29) [EaV

|
—JE [ (o + o +032) =2V (6x0y+0yoe + 520x) + 20+9) (ol +U\,ﬂl+m§ )}W

) 2
T (oed e+ w3
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ven MISCS — relaTed do encrgy due o STornon from SNeas
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Ax\a\ roa
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F= -K arca A
_ 8_4% snffress E
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U= Sv'ic'xix =j 3 Ox €y Adx
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o X
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Pbeamm o ey
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(l\\«} 2 ) SRR T TRy
ax
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ue VBl mpIt e
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5 e v
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e i ;
Ox= EYK = — EBEUeyx AV
x YK us fog Bukey

= [ ] S cgxranes

L ;
~tar f‘fz §, yran ax

5 S:Sﬁ-‘icy yK dRhd x
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e t \ .de
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ax vary LWneox ) Theeugn
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d r Sb Sklie AL
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W= SL %CH; SRQ"\T‘C\”‘M dr ax

o 2 dx
‘ i
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s S 26¥*dAdx
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X du
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The Principic of vir ool wor g

boc\\j W equilibrniem \ooded ‘0\3 exyernal force e

+he vody deformns  (dispiatements wx)) ,

and develops Internal erresees g (x ).
LY S
NEW TIPS | U

NOW &PP\\S o new sev of forces Hhot produce g \zme,mcc\-\ca\\ss
adrissibole  dispittermenT fiy fievd Bu ( gu sonsfes
all displacemne T boundarycondimens) . we will call
SU A "Virhol” diSPILemeENT hecause WS an assuened
process,

Becavuse of &, e origined exicrnod forces movethewr peiny
of applicanen and anNsequentiy Ao WOrK | GNen By

jSTI' SUdh + S_V Er8udV = SWeu

¥
boun dan(.s

tracnon
vectoy beay forces
F/in? (F /03D

At 4he some fTime, BU(X) cavses arerndd Siroins  ond wnese
FegulY v Iernol oY \o\j'\'hc SOGIOGN InYerna)
siress fie\d . TThe ehange In INTernal worg 16

su= | g seav

The prinCiple of virtual wWorlke stodttes Yot 4he work doae oy The

externol forces @quels Hne cnange in STronn encry v -

S\Wexr = U
Sidepar: o printipie ceNnorY He
Pv’ovcd) UNINKE asnecrem.
( True for oM maogericds ) WeE JUSY accePY ¥ ag woTn

S\ and lacge defornnecmons, oo
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Casﬁgl\qno’s Theorems
Firsy Theoremn
— consider @ body leaded by peintloads P(.THE bedyig 10 eguilionven
and The reSUNTONT gigp\GCemenTs are Ay,
= App'v\i\ VIFTUG) diSPlacemcals SA[ . They Gre arbiivoxry oot somsfuy
e QA\Splattrment bo\-)\“oﬁo,:fkj conad\hong .,
— Fromn Tne PAW., SU= SWexy
(AN

A

BSWeyy =

9 Mo

SURENOSTLON oIt T w\‘vcg\'c.\ as

\“*Ctjv&\ \S ot needed

SU® .= Sw (SA, S0, ,Sh - SA L)  conservainive SySiemn, or
PAATEY I 1S potertial

U (evasnc renge D
=~S£x‘+é&g +a_\.A SDhn
N A, YN

Because SAL Gre arbyrarY; anwinng con be wed (as \ong os
‘tne BCS are meET) . we can cnoose o apPly only SA
S — 22U
Tnerefore; Su = &2 SAL

TN
DU
W =P SA; =22 gA; =SU
° £ > LIS 2

as jong as SAy Fo (mvial),

our
PI = 3751 'Thns can be done forall
L, thus
._ou
Pu= 20

Thug ) i f Yyou can write The potential em@rg‘,i
Of tine body 1ntermsS of A N,. Ba,
The force can be found at that peint.

NeTC thaf the forees Py ond dhe dispiacements A Snouid be interprefed
as generolized forces and displacements ( F— M —=T,etc. )

ou_ . au

= 5 = M{
a4, et
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rememoly — raorne Mod col
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chshghcmo’s Theorems
Seccend TThescienmn
— consider o bedy 1 equihV oM ynder e achicn ef peinyt forces
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N
SWE= 2 A¢ BPL
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— Py,
N
BUS =W, U (8P,,80,... 3PN ) = £ BB
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— Since 8P| are YWD axDWTOrY,

<
AU sp. = AgBPr  or| 2= = Ay | foran 8K
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[
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coshgiiang's Theorems

Neic: if +he madenial) s \\ﬁCCLf\/\j‘e\GS“'\C, U\°= U
R A
N

TwoTheorems .

P .
EY R Y T

ExXampi€s

P
7 = ja
AN
X
hineariy-elashe, UWE=U © need Ho WwTe Ane s energy
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M(x)= - PXx
i 2 X L Plxl
U= 5‘ _de = j ay
oI DiEN s 2E\
el e T E D T T M\
— = earael et TN _—=— X
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THE RAYLEIGH-RITZ METHOD

In many structural mechanics problems the solution of the equilibrium equations can be
cumbersome. The R-R method is a direct energy method that can simplify the solution
procedure and yield an approximate solution relatively easily.

We approximate the displacements as follows:

L
u(x) = Zaiqz-(x),
i=1

M
W) = Y b, )
j=1

N
wix) = chka
k=1

where

¢; , ¥jand x; are kinematicall admissible displacement functions of our choice and q; ,
b; and ¢y are unknown coefficients.

The minimum potential energy theorem requires that for the exact problem to be in
equilibrium

OV =38U—-6W =0. (2)

Motivated by (2) let us choose the unknown coefficients a, b, ¢ such that the approximate
value of V is also minimized. That is require that

B =l e DL, e O e
23} da, day,
av av av
T S+ 228y + ...+ ——Bb
+8b16b1+(9b2 b2t i 3)
av av av
2 A 28
(901 1 B 8c2 2 H i aCN 4

Since da; (i=1,L) 5bj (j=1L,M) and 6c; (k=1,N) are arbitrary

poa



e\ 339 MeTERIALS 19 Novempex O

8L

ENERGY METHODS

Potentia) Enecgy
The prinCiple of virTudl Work. stofee that U= [W

WUo
Stki=t 1 sumav =gl o dy
S\: < S‘V -a% bg
C & Ane onateral
\s poteanal
W =

SST_'%\A‘\S*‘ SV §-sudv

W T oond § oare conseNOTNT

29 29 o ¥ ety
I'—’— G A T g
A i 24
(3 and a are peteatnal)
“Fhen
Sw= ?-(-3-.%\/\63-\— : 1(-}‘-%\/xé\l

s U = v 2% =

= e

AlS0, 3 S —SW=0

%EV\’WYS_; % 3 SV\AQAV' Ssl'\ﬁc\S— EVS-\Ac\\iizo

we defioe V= U—W os-ne potential energy
P AN b -
and eIV oY requires Yot SV = %(U\-{\NB = 0

1§ We mare 0SBUMMPNeNS obout the modenal ond forces
eI\ YenIm Ao T principle of Viriual Wor k.

For peams -

= ¥ 1S |

B B\ [ 4%V \2 X > RN VAR | ,
~ = S T('dxzj Ao Xo 2(\/) ax + jbz.. (—d‘;x AX — Suc{)u)vdﬁ

\ neg oatwe
becawske of
Welgd

( e\oste
founacaion




N3RS MRATERIALS 19 November O

gl

ENERGY METHCODS

EXArap\e
2/

™~

T sele-weighn

L i

V= 5 El(vu)”dx—\—j NGO SN ) % + "GO0 ax — SL ) vd
o 2+ ® - * 2eA ~§1

o
/4
2 neq\cc’v H oxvel

> ] sStreron 'S Synol\l

qx)=g.[1- ()

d
ol 2SI i B R R T A

N{(x)=weght = pSA(L—-xB
NoW , approximate snope: - 3

N (O v m(%?%— G (%‘.Y B

define 0S i\a\(*) c%,lb( ) MUST MSTCA AN YanemMOoanc

bovndoly cena VNoOOS

Y (0)y=0,N'(8)=0, etc.
NonaIMensionaii2e .

e A
ax z X L Lo

$(2)=2", #/ (=22, #'(2)=2
$:.(2122 | 45 (2)=2%> , ¥, (2)=\3

Rayleigh —Rvtz  says

)
v (3)= 0\\_%1 + Q.2 = OL\‘P\ + a$a
Vi= )¢ +a,d)
wilid an‘Fn” & C|2<f1"




SN 339 MBETERIALS ’ 2.1 wovember o

ENERGY METHODS

EXample math

IV E) ! " i n 5 { )
i -—L—j (a4 +a: 42 ERIER ) G- ”‘f%')("" Yoz

-

gl JlCi-gt) b 4Bz

1=

F 'z it i

=L EZ > change ¢ q‘;f()‘f’; To ‘F:i)q’zl,‘}:z
=

USE matrices 1o Solve - |

C5iara"dz  Jo%i+aaz |[ g, § O-2)+4/dz §oG-2)4 $242
* %

3 Fra)el#idi (SO

El

L | o4 braz b 4242

i 5‘:(,_52.)4;] dz
== OL (s
B | [mG-at)4aaz

Seiving |

E\ 4 . a, Ya %o a\]___ L—Z/isp
1 IS I R R

— Acteptabie form of Solufion without
valveld for constants .
— Note gymmetv\C madtTiCes




89

Engineer's Computation Pad

No. 937 811E

#STAEDTLER®

EM 3V MATERIMS 26 Nevemnoer 01
BUCKLUINE

Introdvenion

A {
i / Buck\ng
Per |- 7 Lipe il =
—a et
conapse e *(1- T
v{x)
EA
S/L

From earler,
312

(4
El Y NQd = CLDO becgon Wiih an axyal \cod
dx* ax )
mMmember G\S o ™
= = d—- =, NXx)=constenT= Ng
ax
€ N=P (compressive) |, qxy=o0
atv d?v -
E\z&; +P i (o) Now Find P foy wnich Ty g
equihivimn eguadnen
1S savnished.
Qonsider a Stmpiﬂ S\)‘Ppo\'*red corvmn
P
2
2 T div
& sty ]-o
aAx? 2 =
ki SelUToN 6 -tis AEF. equonon :
7
vIXy= ASn¥X + Beolix + X + D
bovndarnes:
v(o)=©0 v'(oy=0 BYD=0 B=0O,D>=0
vilky=c¢ vilLy=0 c=-.:_-smv;x- A =0
fiwnel g AS\WWKL= O
So\uTonN:

eviner A=0,N(X)=0 ,“ Ve SoluTion (novvtking)
of S\WnKL=0, KL.=0NT , n=),2,3...
nx ev? T2E)

or| P =
K e e

T\OW, P=

aw
\/n(x5=AS\n—L—x JsFor =N NS ..,

There ore MONU SOIUTIENS o TS proviem for Adkerens valwues of P




EM 339 MATERIAS

2ipNwovemmner O

QO

Engineer's Computation Pad

No. 937 811E

#STAEDTLER®

BUCKLING EGS.

Exompic, tony'a

I e load need ed s

Ele .:k unstavie
| nrTW2El  felanes \o% Squaesc
Pe= Per = e of N, noY Aweck
4P
a\ Py ore scluhiony
L e e
" E\GENVALUE PROBLEM

Vst

accenaing Sequence of disnnct eigenvaducs

ANYTNIN G avove FIrST butking lcad 1S VnsTaoie
lowest volve i1s critical bucklng load,

Pcvzi-WzE‘
L2 L oonatenial ?rowrnﬁ
1. qeomeinic propert
L dependent on racing
e Pe = TwrE L X p
SN e 2N L ORIE B SUEE 0
wrer? Al
T s =W E ( L )
CYC A \
N
Ce + b L matena) yield giveas
/W >
/ (o]
/ // 7 o o
A7
o i / 28

( Y/

design enxclope —ne yr\e\d,
ac buctkle




€M 339 MAaTERVALS 26 Novembec Ol

S\

Engineer's Computation Pad

No. 937 811E

3 STAEDTLER®

BUCKLING EQS.

EXamplic: new hovnaary cond imens

LT

/ Me=P A, wnere A =V(L
/
I
P
X .%Mm M(x)=-Blv"(x) = PV(X)= M,
i
TJM: |
P PVOX) +BEIVH{XY =M= PA,
A Mo 5
T 2 4+ i Vix)= ¢ L
P ax: | El =PA.EI > K
av 5
— + kKivix )= k2
I W=
Me
VIOX)= ASInKEX + Beoskx =
:='-A
baundoX\es: bt
VLOB:O) B = —Ao
\/‘(o’):o) A= o
Mo |
NLEXD) = I_\ = cost:I
P
Me Mo
V(L\=? = — (V=coskL) , cosklLi=0

ﬁ%f =0 — o/bATresY  no Acflecton

pl=

coskl_=0, KL=0—, n=1,3,5..

-2

U-e\
-r\z, A=\, 2

=il

= i -
P=E\K?, [R=

=
PC.;\O%‘m\C' /4'P°swmp\.\;
supper ved

BucKied synape

Ve ~ //
/ ‘\ /
/ ) \
[ \
/

30 4
T ED




EN\ 339 \NATERVALS

26 November T

92

STABILTY

AnoTner Examp\e

comb\n\r\% S

A=V(X)

vf\g
/)

R L
ERSE
+PvIx)

M(X)= RX — = — Biv'(x)
—E\V'(x) =PV (x> = RX-M = RX - RL

" P |
V(XY + Zr YOOy = R (L=-x) =

VXY= ASinkX + Reogk x + CX + 1>

T

= &P(L—x3
R -
V(OB.:—O) %+ .—P_::O, Bs—.___R\—
P

R
VIxYy: AKcosgx —BESIH KX — T

R R
V'(QB.:OI AK-‘_’F) A':;Z

VXY = __E_ SINKX _L;‘ ceg KX —+ i:-' (L=x%x)

PK

bur R 1€ ST\ onknown .

R
v{Ly =0, ? [T\ZS‘“K\‘- LCOSKL.T:O

Sink\l.
ceaskl. = —m—
K
11
Lol =i

first \occamen: k=449

2 P (449)* E)
K "E\‘ ) P.._-————————-

=1 2

5

= =204STHEN !
__._L;“

P




M 3395 MATERIALY

‘ 2% Novemner G711

\O

Engineer's Computation Pad

No. 937 811E

A STAEDTLER®

STABILITY

ant rnoxel..

Summoxéi

]

(&

LI

Elrivar MR =0
X

V{x) = ASINKX + Beoskx + Cx + D

v(oy=0o viLy=o
V'(O’):O VALY = ©
D=o [
A
& Av +c=o  yf|| e v e ]
gm\'\\_ coskLe L | t=o
= —Ak \/ “ | (o] c
Kcoe\a\, s el P
e —ksinkL
|deri=o 2cosklL— 2 +KLSinkL=0
sinkl. (KL
T( —l-cos sm-—-} =0

Now, evther *
OR:
ki KL T s
e e A=
tan = —=t3 (449D

LowesT mode uses soncA\est value,

DNer-<~a ~(4-4. 9%

KL = 2%
42 EN
Ll
2 .
pin Vo= ASmE
4 .
z T
TUEN :A(\—COS%)
4L <
2 04TT2E\
\’1
4 EN

L’L




EN\ 333 MNATERIALS 28 Novempee O

STABIL\TY
e

consider fhne boundaries more

< (=

g o

4 bounded by condifions wirn

‘f\)(S\Or\&\S‘PT\\’\% NC sPYINGS and "rwoswmqg
Wi Y=oc0

to res sl yrovanon

il( bounded by fioagpoie ana
- 'i propped coaomnlaver

Load effects
TJo tronsihen dweehly from elasne 10 outked | \oad mMuUsT be perk c oF

whnor \F \cad s of € - cenver
benavng me\a%ncmﬁ N sovne parTs
but nov necesseriyy el

EccentiC LoGa \ﬁS

= P

e:@} &E\,\_ s

P
; M) = P (vixdy+e) =—sw!
S~ M)
S .
E\WW" 4+ Pv = - pe
i |4 ._—P_ l__P_
v +——-\v E\e oK s
V“+ Kl\/ =‘KLQ

L NenN- Z&ro TermMm

Saclumon

VIX) = ASINKX + Bcoskx — &
t Fc:uhc\;\e.x Sciomon

b‘l‘a\.}\‘\d&\(\cg‘, Ny =6
R=€

v (W) =0
AsinklL + ecosw\.—€ =0

e (i —ceskL)

e B TR :ew\\éf

A= _
SN K.

\. ; 7
V(%) = e ton E{ SINKX + €COsSK X — e/ dispiaement eeeuss Lar

\ any oNd ol valwes of P,
\/W\O\)yz € | ces Ky 9 \:’ as opyosed v JUSY oy i
(HOXES SOmME ClLGeb L) \)uc\;\ms\oc@ (ergenvedues)




eM 339~ MATERIALS 30 Navember O

STABILATY

gcceniMmac Loadm%

By P
7 77

i %, Ol |
VI e Zy ——— ¥ no Recentricwy =

Sa\unon .

V(X)= e\:mn% SINKY & cosb‘] =

Ymoax QT X‘:L‘/l,

e\ KL "
Vmux_e[tw\—-—S\nl +cos—?—:—\]
i o v s
oL

2
e / PLY  as P=EIR?

=
=[p roo?| e F Ll Pl’l
[ 2

=

1]

Thus, f /e:o
{ Pe fodpm = — —  —
= —_ Lot ¢ — =
Vs g% S cos I [B gL e AT
2R (e
[ different €
Vmay — 09 ( Vo veren D o

mox P cannot go
above P, (€=0D
SCLUTION VALID wHEN COLUMN 1S ELASTIC
E\= consStant
wihen docs tNig Foul 1o be accovore?
need 4o wnow P Ao ceusefirst yield (venangd)

e
Mmox = P&+ Pv(H/2d = & p——¢

7 Mmex C P
Cimox.= == e = — A
kK g0 A

NIQHPD)




2D Navermper 07

— CC’“HKC LO&A\MA
cc O
40

e

32 \

24 <

P,/A (ksi)

16 F I
8 &

0 200

)
o
//////

(=]
S
[=]
0
(=]
[=:)

120 1
L/r

Graph of Eq. ( ;) for o, = 36,000 psi and E =30 X 10° psi.

\popeitect: COMEnnS

40

Og = 20\
By \

J

P,/A (ksi) \
. ; \\\

0 40 80 120 160 200
L/r
Graph of Eq. i . for an idealized wide-flange section with o, = 36,000 psi

and E = 30 x 10° psi.

32
1 w < - (@)
f p 8 AILAS
N\ S e 7
Q
[} 4
a/L = 1/1000 - o - =
24 2 : = =
1/700 \ L =
1/400 — | ]



EM 33T MATERIALY

3o Novemboes O

S

STABIL\TY
Ecceniric \Dmc\mcj
P ec |
= — Nt 2
Sl"(\(k)( A L OS(‘: __P_>
2 =N
O A \
> e
G, \ L 2
c Cc Cc f SE ( \-)
e P oa
Pt::
: - &N G
/v € 1 onstd 2
\ ) \ v‘:‘:\gc\‘ of \f‘c\('\
&
>
vi(t2 >

imperfecy columns
tolerances exi1ST i o\l congiruchion
\/4 N BuUT-ef-gITYeMGN Y DNl J;:1,c‘\c.

NN e\l ywwperfecnon = Nia (D)
Ne (XD

S
V(%)

M(x) = *—E\Y\" =Pv(x)

= (R e e T Rl

GencroM 2o M on ¢
>
OTX

ey Vo (X)) = 2 on SN =

KI’\

8=5\<.=—\_5(v”'vc”3

when v=v, ; Th
STYown 1§ 2¢¢0

= L/QV\C\’\\/r.:O)
= —yv'= yK

n=t
= T T
Nt=oba sl die (—L_‘Y‘gm*——\_ = v+ gy
n=\
o e
Ler vixy =% ANgin‘il‘_‘_x Boundanes
L viey= vy (LY =¢e
necy .
5 e ﬂ\L \ AT X
oD NT \2 Rl dhe B ( = 0\ L
s AN[-(T) a+K2]sm C T e T
N=1Y L\__r\'")- (\:N
Qn ( L >
N 2]
N (Q‘_‘) ~ k2
L




en 339 MATERIALS

30 Nevemer OT

91

STABILITY

traper fect ColumnsS | cony'd

68 PP, N—>02

Now, vWhen aces the scenen yie\d?

aOn \2
gl (T 3 Qn P a2 T2E)
'AN= = A = n: EEE S e R
Nt \2 = 2
&l (T) - P PR L
firsrmmocade
= oo [N il sccon d vnode
vi{x)= 2 P =
SR AR / fTvd vnodc ...
o
a 270K [6)
xXHy= S J S s TLL S o I Tl S 2 Sm?n.w‘
A P i v = P/ L
1= e, \ oy 9P
(185 P o—= pc)qpc,a?c.-' y
Singuicxiney occue.
EXOCnpie
| X
Let N (XY = Ay S —L—
Then a . a
NeBeYyr= g X = Nwnox =V (H2) = ‘_—P""‘
‘_P/PC { /Pe
N ar P=o = a,
&y = 8 Vi i E
Vooex — &, = \ b T Q=0
1= ®/p, oy s =
Qa,
deflechion occLrs \mmediaxcly
vpen &@P\gl\’\% \cod Venox = &y = Ceal vV

(addavnoned )




SN2 MATERIALS O Decemper T

BUCKLING

CongSiaer a colvumnm
— only \ead 1§ self - weignt
— ONSREY IS approXimacte
when Aecs Ane calumn buck\e 7
X
# :
/ Plx)= A (L=%xD
" £3
v a e 2l
v P 1S not consyYant, K 1S noY constant
b
non -ceNSIGNT coetiacienys
77

Use Ray\eigh -RaTz

L e L
VXY = j = (v)*ax - S Pgﬂ (vi)*ax

(e} (&)

AppProxionci e

VXY= o (x)+ 6 Falx)

d, = {— ccs.l;tx
— fwsty exgeameades o o
e TR b COSEE Fixea free covvrmn yoeded
ax Tne TTPp.
LA AR T
da, =T 'a—az.:o s regu IS In

o = E—\ [Sor'%‘l”#’l""‘é J'<>'<‘>l"‘$’l”al% [a‘

] Io‘ (\‘%)‘?(4’('&
= [ [ i " " - 25
L [So¢/#e'dE [, 42 48

O-2) & ¢,4%

Elgenvaive probiem

Now, ervher a=o ( no bwc,\c\\nrj) .

or !5—7\%\ =0 (dc’vCrmxnoJ\*s
Forms a_gquodronc equacnon for A
So\wve fov o voorts , ™o eigchva\ucg .
NLUMRLr 1S deverminea oy Nno-ex
of F€rS (o, F )\ approxionodnCa,

E XacY so\umnon:
(pgh)e = 0794 (T Y&
XL? — 10 R T vanes wirn neignt
— EXOGCTrSolomion tnougy NeT e ng\”w




SN3D9: MATERIALS

30 Nevemnoee O

)

STABILTY

ToperEety ColumMnNg  exonmple condt'd

VCLXB*- Q\S\ﬁm
(&
leN e
'—P/Pc | — P/-Pc,
Fnd P ot first yield
o, P
Mmoe = Ml y=Pyvlieye o <
Eshir i)
P MmexC P o C \
Mo A T ~ I: T '~/ TN vz
P e {
U'N\GJ'\:‘K Ut rlE“P \__1._\_ = Oeo
! AL_\:) ET>

Tranaversc \cads

o, cermes from supplver or

Froen Buldng spearficainons

PR

4

il |
o P C})e couscs benang, \cad P couses more
777

conSider Ve (X)) = funchon ot e




€N BI MATER) ALS

O3 pecembpbec O

(oC

PLATE BENDING

inTreduchon

of e S

1t << other Aleneasions

ASsumphnons:
— Planc Sce0NS Cemain Planc
Y = -
‘(X’t 5 X‘j}— =

— Senoll deflecnNoNg ond rotTaneng

Kinemahes

22w

EX=_13XZE%K54
DWW
EByg=-—2— =72k
¥ 2y2 Y
"W
Exy =-22 = 22Kuy
XY

ConsntuiTVe Equaons:

Zx k = © l Ox O x c i\ v o0 T x
i o (e o L ey b loy IF s ol ¥ s €y
By §F e Oxy Oxy | o 33|18
“A
s t
¥ /2. = t/, s w
SR T e j 2 € d2 o= 5 z? K az
N\““) ~t/> =95 VY Yo
Kx
B k=1 Ky
~— N lKX\}
.
E +? 7 Rk
M = Z—-l—- L9/ i O Ky
U o 6 20-9) | 2Ky
1 4
no b Y€rmm
A\SO,N\.x/N\y) Kx/ Ky are

MENEATS pec UNIT 1eng¥n  (no o) covRlea Ahrovgn V.

Mﬂ*O even\§ K«ﬁ':o
\\A\S:OK)('D




EM B39 MATE RIALS 03 becember O

o\

PLATE BENDING

tnTrodweyion
SNHEeor s n plate
¥/a it/

Qx = 5‘ Oxe &2 . Q y = S Cyz d=zx Lot are gheoy Stwesies
Y e ' (o ,forces
ey Loy \ang’r\'\ (oY ,rovces

per vy \enatny

=\ntens vnes D

Egquilibvivm

SoMeE 0S5 \nhearn , but \a 2D, noT \

now adad Ny

iocded wywwn g (x,9)




OS Decemoer 077

s
A,y /
= @9":‘))) d> ./ |
Y i ;
A) l— — — = —f
M
¥ ’ T
My EMvAy Moty o agfi:n\«x
I ,& T D B e
Qs + -
/ Vg

VAT Mae
/\ M’><'7+,_.__c).,7
A 2y




eM 239 \NATERIALS

05 Decemnpoee T

PLATE BRENMNG

INTrodavenon (ceny'ad

Cor\g\dcf\ncl e\crnent of plote

(see nonacut)

; D Bix / 2Q f
fr. (ax+ T=axddy 4+ (Gy + 2 ay)ax - @fdy —aydx + g (x,V)dxady
z X / Y / 7 %b
0 & =
S &Y _ _ cz’('x,\/ )
2% 2y :
s - 3Mx o Mxy (— QxdVYdx 3
T (Mx+”_é7d><3°‘%+ (N‘*‘S*_a_\?d\bdx G e e L ik s
DM % DNy
——7— S - = Ax
9 29 siolar Yo be tra mMernent
U afoens LN Exdr el
DMy o Oy L S Yerrag Srom M\s-’r\nﬁ.
¥y Y
Now evywmnmingr e e Sheow (&x) Ay
BQMY a:_M’(\/ B'LN\\{ NOGYe o Nve "‘\g\’\\
g e e e qbix.\)5 = cq% = r
X 3% BY, Yy

Svestiture fou N N Ny o

My RS
My = D v I ©
iy S o -3
2% =
Dy — (Kx TUKY) + ae
ax* DAY

NOwW SVbshitute for X8

e cengnuvive egqu amnony

Kx mals
Ky > IPE NG9
Kxy

2
(Kx 3(\_\75-1- a.- K +\7ny =-q (%D
% 392( Y % g, >

Oow pesiive
2% W 24w %W o /
P oA 0% awr § T BUUW
2,2 or o 3w *W %LX,\33
or Dv*v w=gq0u\y) = (axz*’—a\%, 3( s av}>= ®)
or Dvtw= (x4




EN 22T MATERIVALS 0S becemioey CT1

102

PLATERENDI|NG

Boundory condonS

Siapie SUppov T

E———— iy W=0
Sl' N\r\:o
> X
[y— w=0
Nx =0 = D[Kx-’l‘VK\/]
of, me—-\-owwzo
CUNBIUYES OX € Coup\ea
resuiTing in 1O feronS
Fixed suppory
N €0Ch e rnorne T
43 —x
}] n w= 0O
4——1 Wyn =0 WEe
S

w,x =0

Free edg—c

e Free edqe

@ s 7 X
(oeam,ec picde, Qx=0
cenmnucs ) Mx = O _.—edac
N\x}s:o (j

4 craer equanen  (e.q. E\v""z%(_x))
only necds 2 voun d&(&.ﬁ conaA\mOoN S .

We nanNe 3 heve . Too mcma v

— equains weve of PN SixAN ovdec SRS VMNP TON

o€ PIONT Sechons reduced \Y to ] fourrn. Ne previem,
EXcepy W0 s sihuachen.
Kevrcnof€ g Rem@d*s

free

Il

NOoW ook ot center
N\xtj

DNV,
+ —
Mx\,j 29

XY ,
+ DNy
ey

\ N

s
A

Glx'jd‘/

Equinbrivm of central element (,krﬁ\a\'\’\'\dg
MY g ~ =
Mgy + m Y+ &"d\ﬁ Ny = O

O Ny
CAY)

A QAux =0




EN 3B MOTERIALS

65 Decemnboe ¢ O

104

PLATE BENDING

Boundary cond\MonS

Free co\‘j e

From Keconof®

I 5 2 WOV kS odrcod VAT you
—\,)- - X

2V fealtn aboundong

New vovan Aox\es -

My =0
; . =0
N
ONng + Ba=0
2s
0 d\splacemneny JFcrm)
lw 2
0 +V 2 W__:O
x? v
3w 3w
R e
ox3? ERAY




EN339: MATER IALS oS Decembvey 071

105

EXAMPLE PRORLEMS

cywnancel bending of o \eng STP

X

= G c 7 ek Vo
s S Na N N S
/ / stp conhnuesS (1ong)
e = Te il el e = Mo

< < N % %
long SMD 1poses % =°

2w
Py = 3\52~N\°
alw — Mo
y» D
éi“--_&st“k
ady D
wo= "0 gy Ayt B
2D
Froon voundoies |
w(oy=0, B=0
w(x,»)=0 ,
e
—'Mh'%-’-l\b:o
Mo b
AT a5
Mob? Uy -
aGe T [

We 00sSeYV e o

Mx= D [ K ¥VKy ] ge=o0

i

=-V9Dw,yy = VM, — very ¢enall addMONGL corvedore  (anmi prashicd

— QA0LSN 'Y ekbely golumon (Sesses)

G D My 1S ageametric CONSITaNnT,
PYCVCﬁW% ANig VNGNS

becouse e stip * 1S long.

STress colredsecnons

—EZ T —E2Z M
= —— | Ky + VK = s
Oy W ¥ ps T ©
= MOXAPAN M SIVESSES eCour Y
s [\;/x - \)K‘I—] T SYEE i —N\c oxveonc Fibers
—\7 % %
=47 1=v* D

Now, Mg = Flvonmises /Tresca yierd cavtecion)

Gu = G—X‘Z“" U‘{L . 20)(6\5 A= 30‘*’9;&
L2y




EN3ZY: MATERIMS o1 Decermbeyr O

O

PLATE RENDING

Exacnp\Cs

S\mp\\:) ‘supporie A

\e(\(a«\’\q o, wiadtn b

my

5!)(%,\33 = %ogm—ﬂg STiak

Pw L ftw gtw ] TX Ty
D [ o x4 a’ﬁ\az Ei ;/F J = %Lx,\ﬂ = aDaS\ﬁ_;s\nr

Froon bounaaries i
W(Q,g) =0,w{a,N)=0
MX(OJ\i}.):D‘—"'D W xx * VW, 4y =0

along x=o0, deflccnonis 0, curvalve (Ky) 18 0 (swoagnt)

N\"(o)\ﬁ5="D‘N;xs{ =0
O¥ | Ny (01\?5)"’:() 5 \N)xg (O\J\éB =10
wix,ey=o, w(x,®)=0

My = Wy X,0)=0, w,yy(xD)=0
2 boundoxieq
Sclvhon .
my

X
wix,4) = ASin 7= Sin -

L follows boundowies , W =0 at¥ X=o,o

A= o,e
romentg = 6 OF SGanme \eccantng

SVLETIE tATe egquilibriden eguation

D [(’\'_;yr* k% Y—( l;. Y'-\— ({‘34] I\S\\’\“—?:‘( S\nT% = %03\“—% g\n‘
K2
RzJ;_ v donc.

NELS
1o}




SN 2239 MBTERIALY e

o7

PLATE BeErDING&

E—XO&‘(‘(\P\C,

%
s Use Fouvier sevves To find
Z siamMmnix - AT X
R | (e
9 69)Y= 22 fn o &
b M=\ D=L
3 Some vesSpese as \elt exampic
WAt M oand N cocfhcients in eaigwnod
\ocad gonennt
NTT % NT %
%(_X,LS}: %ong SN o
S PATE X AT x
\N(X,\ﬁ) = Z Z Qonn SO S\n_b.

m=1 0=\

SUbstnitrute wilXx, \y) wvo DV4W=¢LLX,\5‘3

2

oo | M \4 (AT 0T N P \A | Smm“\(sm'\l‘ﬁ:o
S Damnl_(o\ +1ka>(b>+(b) =~ FPren T 4
M=) n=t
RN
2 Qpany = E _] 1 A o Px ok
T /M o
[( a)* (b)jl
Exoamplc
%(x,g)=%o
e te ) arw MTX ey = A
Fourier Sexves . j 5 %QQ\ﬁT s\nN dxc\\.:) = 2 Z_\ J Cbmn
Ll m=\ 0=V Jg Vo
: anyg MTX NTI
...S\nr‘{\%_s\n—k—)—-sﬂ\ & 14! © A
a T MTX o MM
[ s g ser =
o = m = N\
9
’W\C\rCFOrC)
2% TTUX WY
:&S J sn o S’lﬁnb axdy
%mﬁ av ovo
&  mwx =il e by '“]
Jsmﬁd"—vm[‘ =
g a
%) fali |
Sirat )Gt a—— &
Caal) ) 50 SH S )
= _—q%o SEoL = Vo= (*\BMJ[\—("\3“
Dn” @6 Fm TN
Hacbf‘
T2mA ™m,N=1,3;5 .
M X 0Ty
o T e B st M
w (X, y) =

mg\ %\ mﬂ[(%)l_\_(%)l]l

X




EM3IZT: METERIALS

01 Decemper O

10%

PLATE BENDING

conclusions

2*w *w
34W a—'—— = X
] ['axq, + axq_a\AZ“— a'ﬂ“ ] %( 9D

e 4 KW For proT e’ on e\oshe Sfourdanon

sowwflon depends higniy oN: —4ne shope ¢ fhe pase
— e \cadwng
—Ne bednAcrieg
— ¥ gets verycomplicoted vely qu\c\c\ﬂ‘-
— ofien use appreximenens (Le. fintte clomnent)
— UsSe gpecial equeineng for oxal leeding

aM beom ToPl ce have exTenNsicns (OT0 plates

Fina) exom |
— commprencnlive
—open dlasSS NoTes

—open homnowore (4ows and 4oew(s enwy)
NG Xeroxes, SINXEY Nonad- cepyin =
— ANYANING 0 PrATER Wil e LIMpLe

TIPS 7O Study .
s rfeNvew noves +‘nc,\’ou5\r\\\5

> D0TES §Ncuid only b e therc o NP ,NGT 08 e hestS For wWor s
©OPUT e gUIMac Yy o the front of eachh secnoen

4.5 prowviems / REVIEW €eSEI0N Friday of Spm




