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E-Mail: yannis@mail.utexas.edu
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This course is aimed at introducing conceptual and computational aspects of the
finite element method,

This course requires understanding of matrix structural analysis, knowledge of
elementary linear algebra and familiarity with computer programming.

There is no required textbook. Therefore, students are advised to attend classes
regularly and take notes carefully. For reference purposes, the following books are
recommended:

“The Finite Element Method: Linear Static and Dynamic Finite Element
Analysis,” by T.J.R. Hughes

“The Finite Element Method: Its Basis and Fundamentals,” Sixth Edition,

by O.C. Zienkiewicz, R.L. Taylor and J.Z. Zhu

“The Finite Element Method for Solid and Structural Mechanics,” Sixth Edition,
by O.C. Zienkiewicz and R.L. Taylor

Lectures supplemented with homework and examinations.

Continuous and Discrete Systems: principle of virtual work, direct stiffness
method. Finite Element Analysis of Elastic Structures: two-dimensional finite
elements (plane stress, plane strain), three-dimensional and axisymmetric finite
elements. Interpolation and Numerical Integration: shape functions, isoparametric
finite elements, Gauss-Legendre quadrature. Finite Element Analysis of Inviscid,
Incompressible Fluids. Convergence of the Finite Element Method: patch test,
error estimation. Linear Dynamic Finite Element Analysis.

Each of two fifty-minute examinations 20%
Final Examination 30%
Homework 30%



HOMEWORK POLICY:

DROP POLICY:
(College of Engineering)

EXAMINATIONS:

EVALUATION:

DISHONESTY:

ATTENDANCE:

IMPORTANT NOTE:

Students are encouraged to discuss course topics in groups. However,
assignments must be carried out by each student independently and turned in
by the beginning of class on the day that they will be due.

Graduate Students: From the 1st through the 4th class day, graduate
students can drop a course via the web and receive a refund. During the 5th
through 12th class days, graduate students must initiate drops in the
department that offers the course and receive a refund. Afier the 12th class
day, no refund is given. No class can be added after the 12th class day. From
the 13th through the 20th class day, an automatic Q is assigned with approval
from the graduate advisor and the Graduate Dean. From the 21st class day
through the last class day, graduate students can drop a class with permission
from the instructor, graduate advisor, and the Graduate Dean. Students with
20-hr/week GRA/TA appointment or a fellowship may not drop below 9
hours.
Undergraduate Students: From the 1st through the 12th class day; an
undergraduate student can drop a course via the web and receive a refund.
From the 13th through the 20th class days, an automatic Q is assigned, no
refund; approval from the Dean and departmental advisor is required. From the
21st class day through the mid-semester deadline, approval is required from the
Dean, instructor of the course and departmental advisor.

There will be two fifty-minute examinations and the final examination.
Notebooks and textbooks can be open during the examinations. The date of

each fifty-minute examination will be set and announced by the instructor.
Alternative dates for the two fifty-minute examinations will be arranged only
for students with documented medical emergencies. The Final Examination is
scheduled for Wednesday, December 13, 9:00-12:00 noon.

The University Measurement and Evaluation Center forms will be used to
evaluate the course and the instructor.

University procedures will be followed in dealing with cases of suspected
scholastic dishonesty.

Regular class attendance is expected in accordance with The University's
General Information catalog and the College of Engineering policy.

The University of Texas at Austin provides, upon request, appropriate
academic adjustments for qualified students with disabilities. Any student with
a documented disability (physical or cognitive) who requires academic
accommodations should contact the Services for Students with Disabilities area
of the Office of the Dean of Students at 471-6259 as soon as possible to request
an official letter outlining authorized accommodations. For more information,
contact that Office or TTY at 471-4641, or the College of Engineering Director
of Students with Disabilities at 471-4321.
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Uo S of ovrder 2.9

UL \S of araer 4.2

Sumimaxy ot Ford 3
WMo UL
# of elem NO\UC N [ AV VOUL, A AVt
| 122,010923| 8.22000s | 1092308 | 3. 1bg1306
S(Z 2 129.199372 | 2104506 83045526 | 2 04287
\D —— — ==L i
Z 4 120,774 112 | 0529356 | 24519534 | 6.5122719
'J _— —— == - — e iy - =
2 121,170977 | 0.132552 | 84,9292 | 0.12B121
EXOCT SOVWOTON & Qw = \5\.3058285‘5“'_
-
Wy = 8609181282 B
U\ro UL
¥ ofevern valve, 1N VG volve ,\n Aval
(4 121.713044 |0.02982:4 |85.119798 |0.627798S
b
4L
85 121,20193 | 6,602%7L | 85.0931722 | 0.00V3)\
&
=)
© 131,303372/ 0.000157 | 25031888 | 0,000017S
4. Ovaer ofF AN eYroxr
evvov (W)
W T = consyont
nw-=0

£ WU va\oes,
mMuiTiplLvead oy

£id
EL
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Assignument L

| . ; . #
Consider the roe on "elastic foundation" shown

below: — »op =L
i |
P e £ AL g ,_-7] . 9(
w“}}_ i ot s e e e e T
£
¥ f — ¥
: "

The iﬂm/ern a‘?g?, dt’f{éi’éﬂf;{ﬁf %@&af{@ﬁ ts :

do -~ Ef w = 0

Ax A o
At «=0 and x=L, the bLoundary conditions must
be sa‘f‘r'sf‘[ed:

o (o =-£~ c(t)=0

4

1. Vargf;* f/sat

ﬂ(‘XBL} - 35?5"&»} / Es
AEA %% _ oAl

satisfres the differential eguation and boundary

cond tiens,

Derive He ?r‘e’nc{f?ﬁa of Virtual Work.

Apply the finite-element meod with meshes of

1,2, % and 8 egual-site [inear finite elewents

and 1, 2 and ¥ egmai»@é&ﬁ guadratic £inite

oflements, Recordl e a preximations of u(o) and

w(L) tn each finite-element solution, ~ )

B, Examine the errevs in u(o) and ulL) as functions
of the element size in the [inear case, Estimate
the order of the errors as ¥he 2flewment size decreases.
Carry out the same tasks in the ?Aﬂirﬁtlﬁ case.

RS

A ®

Use: Eps o, Ac L}




HW2-Summary.txt

CE 381R: Finite Element Analysis

Summary of Results for Assignment 2

Eight Tinear elements,

NODE

=
[®)
)
m LONOUVITAWNR

OCoOoONOUVIAWN R

AR
ww

ul

131.2
119.7
110.0
102.1
95.82
91.02
87.64
85.63
84.96

ul

131.1
119.6
110.0
102.1
95.83
91.04
87.67
85.66
85.00

Four quadratic elements,

NODE

=z
o
o
m OWoONOUVIAWN R

OoONOYUVIRhWN R

ul

131.3
119.8
110.1
102.2
95.92
91.12
87.74
85.73
85.06

ul

131.4
119.9
110.2
102.3
96.01
91.20
87.82
85.81
85.15

original stiffness matrix:

Tumped stiffness matrix:

original stiffness matrix:

Tumped stiffness matrix:

on

I

\
T K

5
St

|

IERINE HOVELL

19 seprembey Ob

Page 1

Uo UL
reguio \uvmped regulor \umped
IZ{ 121.2 1240\ 24.90 8,00
W
Z
J a
o |
o !
|
é 121,32 13).4 i 85.0L 85\
(o}
4 |
J i
N |
U opyack = \21.3035

Ulexaer = 86 .091%




) HW2Tinearl.txt
*heading )
finite homework 2, 8 linear elements

*preprint, echo=yes, model=yes, history=yes
*node, nset=rod

1, 0

9, 1.0

*ngen, nset=rod

79’

o o
w

*user element, type=ul, nodes=2, Tinear

o

SRl

*matrix, type=stiffness
0.08041667
-0.07979167,0.08041667

*element, type=ul, elset=rod
1, 1,2

*elgen, elset=rod

1, 8,1,1

*uel property, elset=rod
*step, perturbation
*static

*cload

1,1,1

*node file, nset=rod

c

u

*end step

e
w

*node print, nset=rod

Page 1
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) HW21inear?2.txt
“heading . :
f1n1te homework 2, 8 Tinear elements, lumped matrix

prepr1nt echo=yes, model=yes, history=yes
*node, nset=rod

0

1.0

“ngen, nset=rod
,9,1

1,
2

£

*user element, type=ul, nodes=2, linear

*matrix, type=stiffness
0.080625
-0.08,0.080625

s ;H._l

*element, type=ul, elset=rod

1, 1,2
*elgen, elset=rod
1, 8,1,1

e
w

el property, elset=rod

>(‘

*

sk ok

‘U
step, perturbation
s
“C

*static

*cload

1,1 1

*node file, nset=rod
U

*node print, nset=rod
U

*end step

Page 1

C.HovELL
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Hw2quadl.txt
*heading
finite homework 2, 4 quadratic elements

-
=

*preprint, echo=yes, model=yes, history=yes
*node, nset=rod

1, 0

9, 1.0

*ngen, nset=rod

1,9,1

*user element, type=ul, nodes=3, linear

1

L

*matrix, type=stiffness
0.093667
-0.1065,0.2146667
0.01325,-0.1065,0.093667

ww

*element, type=ul, elset=rod

1, 1,2,3
*elgen, elset=rod
1, 4,2,1

O
ww

*uel property, elset=rod

*step, perturbation
*static

*cload

1,1,1

*node file, nset=rod
U
*node print, nset=rod
U

v

*end step

Page 1
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HW2quad2.txt
*heading
finite homework 2, 4 quadratic elements, Tumped matrix
*preprint, echo=yes, model=yes, history=yes

*node, nset=rod

O
e T -
Yelle]
[

-

o

en, nset=rod

sk

‘user element, type=ul, nodes=3, linear

SR ok

*

L

*matrix, type=stiffness
0.09375

-0.106667,0.215
0.013333,-0.1066667,0.09375

*element, type=ul, elset=rod
1, 1,2,3
*elgen, elset=rod

=

) J J

JOWH
ww

*uel property, elset=rod

*step, perturbation
*static

*cTload

1,1,1

w

.

‘node file, nset=rod

S C o

‘node print, nset=rod

=

e
w

*end step

=

Page 1
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Reconsider 1Re roe on "elastic founelation exawined
" AsSign ment L . -gyem”fa‘ﬁaﬁyﬁ

1.

Use ABAQUS with inpul frles siwilar o tee oneg
discussed ¢n class o anafyi—ﬁ the red Witk 2 ezu@i’w
sipe linear finte e/ewments and % egual-size’
guadratic £inite elfements, Specify the stiffmness
rotrex of The elewents Us ey e -k MATRIY keywerd.

Repeal fhe tasks of Part L afier replacing t4e
seatrieg Contributed by e eloste founcation with
t¥s "fuwped” version, i.e., the ene resul/trng f rem.
ﬁdde’&’; all ofif—diaaonal entries in eaech row "o Me )
;jéﬁ?«g'ﬁai ent y andt ten P&f’fkga‘hgy +he ﬂﬁ’wtfg“ﬁé:smmf
antries wilh o',

?9 Sa&&gﬂi ﬁ&f}é@g g; Yeour fﬂ?k’?i _;i{;juﬁﬁ tl?'@ﬂg &;,;é‘fﬁ G

Summmrya@;ﬁ resw fte ﬁ";{'}gf‘agﬁ?{‘ﬁd{ ff"a% fhe ARAQ UL
Aot files for 420 displacoments ot 2=0 oyl e f
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ASSIGNMENT #3 99 0ctober Ok

o ) Summary.txt
CE 381R: Finite Element Analysis

Summary of Results for Assignment 3

1 Element:
Node u.ul
Label @Loc 1
1 80.
2 120.
2 Element:
Node u.ul
Label @Loc 1
1 83.6601
3 128.105
4 Element:
Node u.ul
Label @Loc 1
1 84.7221
5 130.476
8 Element:
Node u.ul
Label @Loc 1
1 84.9986
9 131.095

ATT values multiplied by P / EL

Page 1
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ASSIGNIMENT H2,

ne elernent
U, U1 ©
+1.200e+02

+9.000e+01
+8.667e+01
+8.333e+01
+8.000e+01

UL WO eremenTs

UI
+1.281e+02
+1.244e+02
+1.207e+02
+1.170e+02
+1.133e+02
+1.096e+02

+1.059e+02
+1.022e+02
+9.847e+01
+9.477e+01
+9.107e+01

+8.736e+01 3
+8. 366e+01

U. UL four elernentg
s

+1.305e+02
+1.267e+02
+1.229e+02
+1.190e+02
+1.152e+02
+1.114e+02 —
+1.076e+02

+1.038e+02
+9.997e+01
+9.616e+01

e\cj\f\’v e\ermenmi §
U, U1

+1.311e+02
+1.273e+02
+1.234e+02
+1.196e+02
+1.157e+02
+1.119e+02

+1.080e+02
+1.042e+02

+8.500e+01
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Asscgnment 2

Apply ABAQUS CAE +o e calecwlation of
the cdisplacements at x=0 and x=L of He
red on 2lactic Foundalion oxamined (n Assignments
L and 2., Speeifically,

& puse 1Re ”/bcmpeﬂ(‘!Versé'aﬁ of the matrix
contributed by e efastic Foundation

20 select the T202" elowment for?;ae,s%émgf’

%

using e "Sprin g/bagsﬁpet:” ttewm (accessible
Mmu?fi "En :'k?-&gr"img meur-&f"’a’c ‘{“ﬁﬁ Payt
Mo duife), szcffy _g_)og{ﬁgs at the points where
the nedes are focateel yith stiffnesses 2gua
+ Fhe s&'&ﬁﬁ@f entries of e ascewmbled
2lastic foundation stiffness wmatriy

® analyze the red witk wmeshes of 1,2,%and¥
elewents (and t@?h@x’p@&ada‘:hg, numbers ef &Fﬁ\a?;‘)

- use the "Visualization” wodule Fo extract
the resulvs fr e displacements at %=0
an gl Kol

42 swbwmit a famwary 93{ e results
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HW4-Summary . txt {00

CE381R: Finite Element Analysis

Assignment #4

Linear Analysis, seeding at

u(3r,0): -1.92991
v(0,5R): 6.1098
Sig_y(R,0): 2.9223

OO

Linear Analysis, seeding at

u(3r,0): -1.98341
v(0,5R): 6.15504
Sig_y(R,0): 3.43727

Linear Analysis, seeding at
u(3rR,0): -1.9985

v(0,5R): 6.1675
Sig_y(R,0): 3.33328

o
w

3k

g
w

3k

Quadratic Analysis, seeding

u(3rR,0): -1.94316
v(0,5R): 6.12568
Sig_y(R,0): 3.51794

e ote
ww

Quadratic Analysis, seeding

u(3rR,0): -1.99206
v(0,5R): 6.16266
Sig_y(R,0): 3.57173

Quadratic Analysis, seeding
u(3rR,0): -2.00153

v(0,5R): 6.16944
Sig_y(R,0): 3.56669

ux B
1/4R E
O % %
QL: \oad
1/8R
1/16R
at 1/4R
at 1/8R
at 1/16R

Page 1
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14'55 ée::;?a Méwi Y
(43

Consider the perforate

i plate (;:ﬂ plane sff@ss‘}
shnown belopy: 4~V

o
¢

(S 7 F s
L F =
3 . 7 e T
é o & F
R T AN . V=0.3%
Y, “ £ ; - 4 3

#

TN T STy

'U.S‘e’h?;, ABAQUS CAE and taking advantage of Symmetry
condi tiong, Maiyf:e, the plate f{sv% meshes of -tm'aﬁ?g,@ :
of size LR, LR and LR (specified through e "Seed Part™
selection inthe "Seed? Menw). Repeat the analysis with mashes
of guadrilaterals of the same size. Extract and swumarize
resalte For
u (3R, 0}

the
v({o, sr)

% (=,0)
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ASSIGNMENT # 2

X = Z(Nx)t
=1

X = .‘2.[(\+3)x\+ (\‘%Wz]

| —consSfart voalves when
l boondory g stra\a\r\f
=

Ny= g (1+3)

Nl— | ("%)

—3
i
74
= E(X,-—\(z)zi- (Y;'\Iz)Z] ’

du [ d¥2, Nz
g—z'[di 3%

Lo N
Hg 2] g X2
Similariy,

y=2 (Nydi

2

5=l2'5v+%\§l+12-\51_3

5.4 e e

1 7 G

|

AL
d—iz[é(xrxz)zn»-‘%(y\—vl)l] =i
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ASSIGNMENT #5

L Ccont’d)

N =5+ 2 )y

1Ny Gx
54 3 MR EY:

Ny Gx
=\ NZ QD\/

le%xd%= 39 (24 ¥72)

Ny %y = \_2_22’)%\;

leaw di= L;l%\, (2-%/2)

——(‘\‘*‘/z—- \~‘/1)C§§
K.
p=39 ~ %y
0‘29%’ (=v=Ya—-12Y2)
%y

T o evaivortion of wneregral
Trom 3=\ A0 %= 4\

Nodal Fove€S .
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ASSIENMNME NT ¥ 5

|. Povt 2 - thhree nodes

5! i e
/ ” e
%y
i 3 3
e o S B T
-1 ° |
e =
N‘=-'2-§(3—\) iNAVAE s ¢ T
Np=1-3? Inds 2“33/3

Na:%ﬁ(%—k\}

du
d? d? d
_NQ O T
NTT = £ ANy qox‘[
Ny 1O |
O Nz C()YJ
Nz O
L O | N3
\ -
J Nigx = /3°bx same
~ 'FOY %Y

_[: N2q,="Y3q,

j.‘l N3C’7‘1=—\/3%x

Summainon of
fovces = -2\
eGCW dVeCTioN,
Sove aS N
2 -niode exomplt.

S ELR TN ZEN x=3SNx = ¥ (3-1)x, + (1-32)%,+ 2 (3-0%3

= —3—1<X|+X53-%(X\‘*Y33"'x2 -%3%%,

ConS\deung Xa—X
Xoi=
WS XQ_""%X?,
symnarly, Y=Yz2=-%Y:
drt ol
d% z 5 d% = \/2,

% =\/:;r’<X3-'Xa)‘L+ '}}'( ‘63“\/|)2

P /(x;-x.)1+ (¥3-¥,)*

o

5

|

N

So,

o
NS
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ASSIENMENT F g
. Part 2 (contid)
PUYTING 1y all m%ﬁﬂqcv)
e
©
= P=d ] NTTAL
iel
5 |
3
g- T =
w R %x
-0 y/‘_.*;-o-m
- =tk | O TAT Y L
o O +9x
o £
R %y Forces at nod€ 2
iy %" are 4Xx those at
%y nodes \,3
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J -

‘ [‘(\'*%)(‘47.“\«&

|

H
i
i
|

S

== Pn)( =
=i N 18 normal YO gur face
-pny between poINts
dx gy
iz 5 ( JL . gL | @ )
Soun = (o = 13

\ 3 K
n=-dey O o |
<, A g -

{ t.

Now ,considey 6ausSS approxim oyions
ordevr ='1 , so 20— > |

—dyro dX .
n= ' T JL N ek
dy Y1~ VY2 A X=X,
dL s b S it
Y2 =i [ Ya- ¥
nN= L -‘-__"_l_’_
) i il
X\ =Xy X=Xz
£ L =
N=1{ — on€gavss Integvamon pi.

§Lr(z)dz= 2.F(0)

—_— rsev\( vo\ €q VECTTO

(v 3)0x, = x2) 7 modfed from
(|‘3>(‘/Z‘Yn) p‘fC\,lb\(yﬁ",# |
G+3)060=%)

Y=V, N2 /
A ov p=2P e

Yz 5 Y 2z Y —VYa

X, — Xz | k0t
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ASSIENMENT ¥ 5

2. 3 nodes a\ong strought edqe

((((((\
// Y= s
T, from 2-node =

/ X=Xy

rio

il
My F o208 )
o SWCE 2 has order 2, must
Ny =1% |
WNereast numyper of
N=5 3 (z+\D goves NTegvomon pis.

21\““ 71) n:l

Sl_‘F(%)d%:F(%)+ F(%—g)

L
723(3- 13y~ ¥3)
dP | (XS—X\)
P=2 | -2y~ v3)
(‘iwa\)
a3 (2+ VD, = ¥2)
(%3-%,) |evoivaied ot
i B ERAE
s = 7 Gy v - (1 ¥ 75]
= \/Z(Z/?)): |/3
G2z 5 =W e n = (B
= 7~ 2z =%
V23 (341)=Y2(213) =3
""\’\US, Yl_\/a ] ;
X3 X
d 2T X4
P=7;E ALy =Nz ) / / |
2()(_3—)(') ? 2
Yl‘\/a 3

Xo3/= Xy
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ASSIGN MENT ¥ g

2. cvrvedsvurface

T

=1

o1 NOV 0%
dL . >(5—X‘
Bl PreviOusSly  foun d = Sayd X;=—5  »efc.
b

NotT Tru€ anyMmore .

dL (i
8o, -GE =35 nNo \ongey applicable

j_; g /<d7d§>1+(dy/ag§§

N = Y23(3+0)
Ny © N C Ny O‘E NZ:“‘?Z’,
E a0 gl D) Nz | N3=/2§(z—‘)
dy
ac
= p | —dx
i |
rl qy ]
v V23 Geed P SV AL
Y23 (3+ V) p~9 )AL
Ci-32) pY/aL b
C\—EQ‘)P-dx/C\L
V23 (3-1) p SV /dL

23(3-)p- /AL
=

LOOKING af eatih Yerm mawdullily

—dV
73 (3+1) g P L
/
]4'”}6 rewririen 0%

include d\//d% N \f\‘tEg(&\,
\megm,\“e w d%

ay
33 9t

X =223+ + (1-323%2 + ¥/2 (3= 1) %3

SX. + X + ioXa
SRR LTS IS LR
dy Y3

-:%Y,+—%}"2%‘/1+%\{5_ 2
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CE 38IR: FINITE OINOY O%
ASSIENMENT ¥
2. Part 3 (coni'a)
V2330 )P (3y,+ M2 -22y,43y3 = Y3/2 ) a2
S
o Equaion 1S 3vd ovder, ySe 2 gausSs \nieqramon peintyg
c
2
© l e
3 JLF@aR=r (1)« r /B
§
e To maKe €qUOTont  neader,
E‘g —remove constant 'op
g_“g’ — use  alternate consyents:
gu%’ a=\f\-z\/1+va
@ bzi(‘y\-\lgj
o
g (2+22)3(320+b)=a3*+b3?+b3+a3”
0 \ =
L Evoluate ol /@) /\Z
R
o oy -
g‘ a (V3) +b(V3)+ b (B~ a( YA )+
F a(Y3) +b(/3) *bf/NZ) +a(}3)
= ?/z3a+ Y3b  al xYap
. ! 1 X
FirSt yerm \n mGodv X © /3P [<Y1‘2V2+‘/3)*“3_V\“2Y3_]

ov

l/5"’[3"71—2\124«"5/2"_% Mo (3%, = 4Y2t ¥V2)

stmarly, Secondderm =" /e (3%, =A%, + %3 )

Thvdterma: p1-32)(2a+b)= a3 -a3°~b3*+b

0B~ aCHBE) = o (1) + b+ a OKB)—a (A - s b

=p (2b-2/3b)

. 4
SE ‘%(Yl‘Y3)=%‘P(\/\"\/3>’

oNna L At yeron = ~ 5 p LX)
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ASSIGNMENT ¥#5

2 Pavt 3 Ccont'd)
Fifdnrecmns Yap. (32-723(3a+b)
a3*—a2*+b3%-b2 , Hom /JZ 1o /VE:
[—a(/3)+b(Y2) (2> = *3b- %30
%35 (v,-y3)=%3 (v, -2y, + Y3
= 20 ey A s )

¢
=3 (3v,- 4% +V3) all % Yap

N Summnation |

- : £4:
BY =4y, >y,
i = (3%, = axy+ X3) //!3/‘9\
o B
P=T 1403 2+-¥
3Y,- 4y, +Y¥3 2,
— (3%, — AN %Xz
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Assionment 5

L. Conjia{ér constant traction (’am’f&rmi‘y A st bube
/ﬂ&a( :
7;6 = Z,} ) 7;' = g;v

on o straisbt side of a Finite element, Lot Heore
be 2 nodes (one at each end) or 2 nades [one at
each end and one at e mia(o(/e) on the side apnd
let L be Hhe Jength of He side. Tn eoch case
(2 nodes, 3 nod<s), calculate the nodal forces.

&y

=
. o

‘Sfrmi?ﬁhé sicle on e é@u.no(ar’y (5w>
(2 or % had.QS)

2. «fohséd@r anm_ﬂt&&_&(unéfarm!y

-
distributed load perpendicular +o He boun aﬁ'ary}:
Ty ==p-ny

T’:K =P e, '
Where Ny, hy, are fhe components a;f.ﬁg( ouwtwe rel
unit vectornormal o #he boundlary (pis the level
of pressure, positive .e'n the é’ﬂéﬂu‘«*m’@( dﬂ"é":ﬁ'?n) .
The pressure is acting ena side of a finité
elewment. Examine the case of 2 nodes on the
side (straight side) and the case of 3 nodes
(Sérai?%f ov Curye .msfee.). ﬁé‘i‘a{n'e@epresnans
}or e nedal :f@re*‘:éﬁ‘. -UZS‘!.”ig. the minimun. nwmber
of Gauss-Legendre integration points, eyaluate
these exprassians in terwms of e cosrelinates of
the nedes. = |
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(products of intérpolation Funclions and Their
dare k‘aj‘e\i@;) are at wmost of degree 3, ﬂarﬁﬁre

two Gﬁuss— Legenelre points (5,\‘1;’9"' g,=1/V3, w,g o, wi.
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CE381R: Finite Element Analysis

Assignment #6

Reduced Integration: CAX8R

Seed: 0.25R e
u(3rR,0) = -1.0426 « =
w(0,5R) = 5.19254 £

sig_z(R,0) = 2.12479
sig_th(r,0) = 0.11067

oo oo
KRWH

Seed: 0.1R
u(3rR,0) = -1.04263
w(0,5R) = 5.19259

sig_z(R,0) = 2.12707
sig_th(R,0) = 0.112998

[ORORON
wwRw

Seed: 0.05R
u(3rR,0) = -1.04263
w(0,5R) = 5.19259

sig_z(R,0) = 2.13309
sig_th(rR,0) = 0.114495

+H++++

Full Integration: CAX8

Seed: 0.25R
u(3r,0) = -1.04253
w(0,5R) = 5.1925

sig_z(R,0) = 2.15166
sig_th(rR,0) = 0.13833

oo o
wWEw

Seed: 0.1R

u(3rR,0) = -1.04263
w(0,5R) = 5.19259
sig_z(R,0) = 2.14471
sig_th(R,0) = 0.124315
Seed: 0.05R

u(3r,0) = -1.0429

w(0,5R) = 5.19259

sig_z(R,0) = 2.1389
sig_th(rR,0) = 0.118344

HW6-Summary . txt
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A S%’é%%mﬁnﬁ é

Consider ﬁe_ayi{n'o(ér with a SPééﬁ'{e\,ig hole shown

i 'b&?,raff'an ve, reducedd c'nt“e}m'é'iaﬁ.

belows:
® ITTTTT4
)
g g
L
R
5O
- =
lfﬁ iR EQ( vef.?
b T
L \L»lH( i

|
{?’é’%e secTion on the 'p/oma 6=0 << gdleni‘e'ca! o 7"%1{
gerforated plate examined /v ﬁ:s.ﬂ;nmeﬁﬁ‘ '7‘) U..nn?_
ABAQUS CAE and taking advantage of axial <y mnelry
as well as Sywmmetry about the plane =0, ahalyze
the cyiinder and report resu/ts for

w(3r,0), w(o,5R), 0 (R,0), % (R,0)

Use wmes hes of &-node, anisywmmedlric finite elements .
and evaluate the relative performance of full

Try more Tan one meShdcngr’r\,

reduced Z full nntegranens
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ASSIGNMENT #F v pEEsE
4 N
(1065
L 18 - \‘\\— \—‘—,//"
& nod€s , mapped
INYTo 3. n
J}r\
& 1 3
5
8 o
-] 1 %
i 5= 2
A (real space) WL WL
detd= =172 1 .4

A(3z.n space)

Tx = Tx ax eathot yne POINAS
US!Y\S :
F= S NT Txdet dd

O

colevvaxe Jovces (i mainhcad)

Check:
Sum of nodal Forces = ‘ovol \ocod ,

T WL

InTerporanon fonchions

Ny = =(1-8)(1+ 81 -n)
Nj= —7(1 ~g)-(1-n)g+n+1) .

Ngi= —(1+ )1 -n)1+n)

1
Ny= e+ )1 -n)(1 -2+ m) 8
e L9090 4 )

Ny = 1+ 81+ )1 -g-n) |

Ng = ~(1 &)1 +n)(1 -n)
N, = ‘71(1—5)(1+n)(1+§—n) 2
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1 1
F_explainl = J' J N;-Ty-det_J d& dn

-19-1
TW-L (1 (]
F_explain2 := 7 J J N d€ dn
=1 #—=1
- _
{ J ‘71(1—&)-(1—n)-(a+n+1)dadn
= #e
1 1
J [ L er MG -5+ m)ean
~1Y-1
[l NODAL FORCES
—(+80en)-g-n)azan | [ P
= L — T WL
rl rl i -1
7(1 —&)(1+ )1 +&-n)dgdn Ty Wik
TW-L| Y_17 -
= 1ol R
J J -9+ -)agan .
RN 12 X
F—>
rl 1 lT-W-L /
1 L,
J S +8)a =)+ n)dean ’ J
-17-1 %.TX.W.L
rl (1 1 1
J S -804+ )1+ n)dzan 3 WL
“-17-1 1
_— g'Tx'W'L
[ | da-g02nt -
PR | i
-1 1 4
Check: Ty W-L{ 4- = + 4 3 — T W-L

ag expected
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2.
4 B lyy
N = (V_\/L3(X’X1) /(\/\'-\’ZBCX\-X’Z.B
! o . Na = (V=¥2)(X=%1)
5 =
(V\‘V?_)LX;_"X\B
X .
5N 2 R TR
R T U
(Xz_X\X\/z’V\)
o (x=X)y=-vy))
Ny =
(X\—XLXC\IZ"/\)
0SS \gN
X =0 g
Y\zo \/1=W

consider 'Ng poy na\ derivonyes

TR Nz Y
X WL ax WL
dhy . X=L dNz X
ay WL avy WL
dN2 — w-y aNg -y
dx ©owi A% .1 WL
Ny _—x dNa _ L-x
dy T wuo dy WL

o [g\\il oNy  aN; N BNz SNz a3t ghNa
Bp= ] 2% o9V oY oy X 2V

Np = ‘rl—j » 8 Yhere's onlyone pownt

6=- SQW g:alNrdxd\/

Salve \n Mathcod
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Gl:

G2:

I

G3:

G4

Il

|
€
=

W
— N, dxdy
W-L

p

= -Np dx dy

G5:

G6:

G7:

G8:

Nclud €5 cphonod

a S
i chxhve S\gr\
X

N - :\\ i'c }L neéls

Il

Given bulic Modulus K > Np =)

Calcviare F (=F_ v In nothead )

a

+
F m:=

L
Fm—>W—
K

L

1
-E-Np dx dy

™
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Asswme Hat one of the faces of a 20-node brick
-(Ae«aéadmn} e subjected to uniform Fraetion in
the w-eirection:
: T.x = - |
Alse, for #he purposes ef Hhis exercise, acsume
Hatl the foee (s a rectangle of lenghi L aned
widt W, Obtain Hhe nedal foreces,

- The wmatrin of & Y-node guadeilateral inplane

' STtrain, a,g,t?;md?,h‘i‘iﬂ( WEdh o prassure node { constant
pressure over He element) can be written in the
forma!

r 7

[ &

L& £

where The element dﬁgr-egs of freedom haye
been arrangéd as
(v
M
Assuming fhat He element s o rectangle
(fuen;,ﬁﬁg L, vidH W) alo‘?néd with The

coerdinate anes obtain Gand F. Take K
as the bulk modulusfesnsiantd everthe elenent),
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Ce 38IR“FINITE

ASSIGNMENT *g

*heading

HwW 8, second half

*node
1, 0,0
5, 1,0

1,5,

ngen, nset=beam

user element, type=ul,

1,23

*matr1x type=stiffness

0.01

0, 0.003846
0, 0.001923, 0.00129

=001, 0; 0, 0.01
0, -0.003846,

0.003846

*

-

3
**algen,
*1, etc

*

*

*uel property, elset=beam

*boundary
1, 1.3

step, perturbation

*static
*cload

5, 2, -1
~node file,

c

*node print,

c

*end step

-0.001923, O,

0, 0.001923, 0.0006327, O,

-0.001923, 0.00129

*element, type=Ul, elset=beam
1

elset=beam

nset=beam

nset=beam

**THE FOLLOWING TABLE IS

e e
w

*E*MAXIMUM
**AT NODE
**MINIMUM
**AT NODE

vl

L NODE FOOT-

NOTE

ul
0.000
0.000
0.000

0.000

InputlF.inp

nodes=2, Tlinear

u2 u3

-1.0000E-36 -1.0005E-36

-1021. -1522.
-1.0000E-36 -1.0005E-36
1 1
V2 02
-1021. -1522.
Pler 3 Plewr 3

Page 1

C HOVELL
08 DeC 0k

PRINTED FOR NODES BELONGING TO NODE SET BEAM
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ASSIGNME T #8

InputlR.inp

*heading

HwW 8, second half

*node

1, 0,0

5, 1,0

*ngen, nset=beam

1,5,1

*user element, type=Ul, nodes=2, Tinear
1,253

Sma}rix, type=stiffness
0, 0.003846

0, 0.001923, 0.0009699

06.01, 0, 0, 0.01
0.003846

0, 0.001923, 0.0009699, 0
~0.001923, 0.0009699

-0.003846, -0.001923, O,

*element, type=Ul, elset=beam

1, 1,5
***algen, elset=beam
**1, etc

*uel property, elset=beam
*boundary

1, 1,3

*step, perturbation
*static

*cload

5, 2, -1

*node file, nset=beam
U

*node print, nset=beam
U

*end step

**THE FOLLOWING TABLE IS

%
%

NODE FOOT- ul

L

EIE

NOTE
K 1 0.000
w 5 0.000
**MAXIMUM 0.000
**AT NODE
**MINIMUM 0.000
**AT NODE

C.HOVELLL

08

e r O b

XL Oe

PRINTED FOR NODES BELONGING TO NODE SET BEAM

1

u2

-1.0000E-3

-3.0022E+04 -5.9524E+04

-1.0000E-36
Va2

-3.0022E+04 -5.9524E+04
, 5
Plet

5
‘Pler

u3

6 0.000

0.000
=P

Page 1

"/



CHOVER

CE 38R FINM\TE 0% DeC.0b

°/

Engineer's Computation Pad

No. 937 811E

¥ STAEDTLER®

2, Ccont'd)

ASSIGNMENT ¥ 8

MGP ModViCes .

Bl ) @+ P o o
-6 G
®/2 Sy 0 KN
Eb_l.]- -@- (o) ‘.9_ ——@:‘--\-6
R 4 2L 122 4
-E
2-%_ o o e
K=a-nh-L
: & -6
2-[2 o o Lz
2.
E.b_.-y—e— o -6
? Z yAl
£l
L5 4
e
L2

Because first 4nyee acflechons are xnown
1o e 2er0, anad {forces  are vNKyGWN |
\%nore firsy 2 columng and Yows

Requced . /
vy=37,7¢0 Plev /

§3= 00,000 P/eL>

Full: .
vz3= 3192 P[eL j
6,= 55| P/g12

sowed 1n EXCEL confirtncd
N ABRAQULY
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ASS 16N MENT Fa

Input2F.inp
*heading
Hw 8, second half
*node
1, 0,0
5, 1,0
*ngen, nset=beam
1,5,1
*user element, type=Ul, nodes=2, Tlinear
12,3
*matrix, type=stiffness
0.02
0, 0.007692
0, 0.001923, 0.0006577
-0.02, 0, 0, 0.02
0, -0.007692, -0.001923, O,
0.007692
0, 0.001923, 0.0003038, O,
-0.001923, 0.0006577
*element, type=Ul, elset=beam
1, 1,3
2, 3,5
*uel property, elset=beam
*boundary
1, 1,3
*step, perturbation
*static
*cload
, 2, -1
*node file, nset=beam

(9]

5k C

node print, nset=beam

*C

‘end step

*%* THE FOLLOWING TABLE IS PRINTED FOR NODES BELONGING TO NODE SET BEAM

*v

i NODE FOOT- ul u2 u3
s NOTE
s 1 0.000  -1.00006-36 -1.0000E-36
- 3 0:000  -1190.  -4238.
# 5 0.000  -3792.  -5651.
SMAXTMUM 0.000  -1.00006-36 -1.0000E-36
**AT NODE 1 1 1
ek V3 €2
F*MINIMUM 0.000 -3792. -5651.
**AT NODE 1 5 5

P X

Je Jerr

Page 1
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A”\hmﬁﬂawfﬁg

Input2R.inp

*heading
HW 8, second half
*node
1, 0,0
5, 1,0
*ngen, nset=beam
1,5,1 _
;useg element, type=Ul, nodes=2, linear
2
*matr1x type=stiffness
0.02 —
0, 0.007692
06 82003928 8 8804974
= L MGTYI Y  considering
0, -0.007692, -0.001923, O, Shiffness matrix )
0.007692 Le= 0.5L

0, 0.001923, 0.0004641, O,
-0.001923, 0.0004974
*element, type=Ul, elset=beam
1, 1,3

2, 3,5

*uel property, elset=beam
*boundary

1, 1,3

~step, perturbation
*static

*cload

5, 2, -1

*node file, nset=beam

c

*node print, nset=beam

5 C

*end step

*% THE FOLLOWING TABLE IS PRINTED FOR NODES BELONGING TO NODE SET BEAM

o oo
ww

s NODE FOOT- Ul u2 u3

w# NOTE

*% 1 0.000 -1.0000E-36 -1.0000E-36
w% 3 0.000 -1.1391E+04 -4.5045E+04
- 5 0.000 ~3.7798E+04 -6.0060E+04
*%*MAXIMUM 0.000 -1.0000E-36 -1.0000E-36
#%AT NODE 1 1 1
ek N3 O3
++MINIMUM 0.000  -3.7798E+04 -6.0060E+04
#%*AT NODE 1 Pler > Pley o

Page 1

\l/
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KF(1 elem)=

KR(4 elem)=

0.04

O 20000000000

0.1
0.1
0.25

0
0.015385
0.001923

0

-0.01538
0.001923

0
0.030769
0
0
-0.01538
0.001923

[eloleNeNe Nl

nu=

p:

0 -0.04
0.001923 0
0.000354 0

0 0.04
-0.00192 0
0.000127 0

0 -0.04

0 0
0.000708 0

0 0.08
-0.00192 0
0.000127 0

0 -0.04

0 0

0 0

0 0

0 0

0 0

0
-1028.98
-7711.86

0

U= -3710.51
-13220.3

0
-7493.73
-16525.4

0
-11827.8
-17627.1

0.3
0.384615

1

0
-0.01538
-0.00192

0

0.015385
-0.00192

0
-0.01538
-0.00192

0

0.030769

0

0
-0.01538
0.001923

0

0

0

0
0.001923
0.000127

0

-0.00192
0.000354

0
0.001923
0.000127

0

0
0.000708

0

-0.00192
0.000127

0

0

0

C.HOoVELWL

08 Dec O
4 erenvent
v Ud
full inteqgy anon
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
-0.04 0 0 0 0
0 -0.01538 0.001923 0 0
0 -0.00192 0.000127 0 0
0.08 0 0 -0.04 0
0 0.030769 0 0 -0.01538
0 0 0.000708 0 -0.00192
-0.04 0 0 0.04 0
0 -0.01538 -0.00192 0 0.015385
0 0.001923 0.000127 0 -0.00192
= 1,828 TeL

\/5 - ) ’ ' /

J

.(A

og = 11,6117 eL”

O O O O O O

0
0.001923
0.000127

0

-0.00192
0.000354

12/
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ASSIENMENT ¥ g

E= 1 nu=
h= 0.1 =
d= 0.1

L= 0.25 p=

0.04 0 0 -0.04

0 0.015385 0.001923 0

KR(1 elem)= 0 0.001923 0.000274 0

-0.04 0 0 0.04

0 -0.015385 -0.001923 0

0 0.001923 0.000207 0

0.08 0 0 -0.04

0 0.030769 0 0

0 0 0.000547 0

-0.04 0 0 0.08

0 -0.015385 -0.001923 0

KR(4 elem)= 0 0.001923 0.000207 0

0 0 0 -0.04

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0

0 -3346.25

0 -26250

0 0

P= 0 U= -12317.5

0 -45000

0 0

0 -25038.75

0 -56250

0 0

-1 -39635

0 -60000

0.3
0.384615

9

0
-0.015385
-0.001923

0

0.015385
-0.001923

0
-0.015385
-0.001923

0

0.030769

0

0
-0.015385

0.001923

0

0

0

C.HOvVEL L \3/
08 Dec oL

4 e\t maents
gerecnvely reduce d
0
0.001923 Nt (’,"?f_"’; ooy
0.000207 ~
0
-0.001923
0.000274
0 0 0 0 0 0 0
0.001923 0 0 0 0 0 0
0.000207 0 0 0 0 0 0
0 -0.04 0 0 0 0 0
0 0 -0.015385 0.001923 0 0 0
0.000547 0 -0.001923 0.000207 0 0 0
0 0.08 0 0 -0.04 0 0
-0.001923 0 0.030769 0 0 -0.015385 0.001923
0.000207 0 0 0.000547 0 -0.001923 0.000207
0 -0.04 0 0 0.04 0 0
0 0 -0.015385 -0.001923 0 0.015385 -0.001923
0 0 0.001923 0.000207 0 -0.001923 0.000274

very clese 1o

= 39, L35 PlpL —>
- - loeam Ainetiry




Ceg 3&\-FiN\TE

C.HOVEL-

02 pec Ob
ASS | GNMENT *g
Full Reduced
1 elem 2 elem 4 elem 1 elem 2 elem 4 elem

nu= 0.5 V_end -1173.79 -4317.86 -13070.3 -30300 -37800 -39675
B_end -1747.57 -6428.57 -19459.5 -60000 -60000 -60000

nu= 0.1 V_end -865.793 -3253.09 -10471.5 -30220 -37720 -39595
= B_end -1291.59 -4852.94 -15621.3 -60000 -60000 -60000

nu= 0.7 V_end -1326.46 -4829.44 -14213.1 -30340 -37840 -39715
= 6_end -1972.92 -7183.1 -21139.9 -60000 -60000 -60000
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1. Consider the two-nede beaw finite element
discusced in class, Acsume that He cress-geedion
is rectongular wWith pwidth d and elepih h. Adlse,
et L, Eand & be e [eng#, Young's modu/us
and shear modulus of e element, Obtain an
Lxpression for The Stiffness makrin of He elewent
'n tHhe forwa:

E-Ke+GKy

(4'.@., obtain expressions for #he 6x¢ matrices K, magg
us{a? _ : . .- -.
ﬁt) Full ehfegmf'wn For both Eg and !Sé,_

b) fu,/( Eh'&ﬁ?r&té@ﬂ )C@\rga ane
- redwuced in tegration for Ky

2. Use the two-nede beaw. finite elenments devived
above in the analysis of the cantiltver b2oua
Shown befews:

4 $ P
R

’ v
L/h=10, d/h=L, v=0.3

Report resulis for wmeshes of 4 2 ond ¥ (epial-
Sige) Finite elements by, ﬁ-%{fa?i and xeiégfxe{g
recduceed i%‘f@w;‘mi“i@ﬁi} For the cdeflection and :
retatien at 7he ‘é‘&t}@ {peint of loael affiiggfign)_
Compare wilh the resalls from engdneering bean.
theory, Examint BRe sensitivify of the fimite-element
resw fts o Poisson's ratie.
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GAUSSIAN QUADRATURE FORMULAS FOR TRIANGLES

G. R. COWPER

National Research Council of Canada, Ottawa, Ontario, Canada

SUMMARY

bresented for the numerica] inte
he Gaussian type and are fully s

Several formulas are
The formulas are of t

gration of a function over g triangular area,
the triangle,

ymmetric with respect -to the three vertices of

INTRODUCTION

merically integrate a function over a
y Silvester,! Irons? and Hammer and
a convenient form by Felippa, and the
n’s formulas, in the book by Zienkiewicz.5

tiangular area. Suitable fo
0-workers.% The formulas
ompilation has been rep
he formulas of Silvester

rmulas have been derived b
of the latter were compiled in
roduced, along with Iro
have simple coefficients
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406 SHORT COMMUNICATIONS

inefficient compared with the Gaussian formulas. The formulas of Irons, which make use of
successive application of the Gauss and Radau quadrature rules, are highly efficient but have
the aesthetically unappealing feature that the sampling points are not arranged symmetrically
within the triangle. From the point of view of both numerical efficiency and aesthetics the best
formulas are those of Hammer and co-workers which are of the Gaussian type and fully
symmetric with respect to the three vertices of the triangle.

Five different formulas were derived by Hammer and co-workers which have truncation
errors ranging from second- to sixth-order. Unlike the one-dimensional case, the theory of two-
(and three-) dimensional integration is not highly developed. The discovery of additional formulas
remains a matter of ad hoc investigation in each specific case. The purpose of this note is to
present additional formulas of the Hammer and co-workers type which are believed to be new
and which were derived in the course of research on triangular finite elements for shells. The
formulas will be displayed first, followed by some remarks on their derivation.

_ . FORMULAS
The formulas for numerical integration of a function f over a triangle of area 4 are all of the form
N
| [raa=aZm st 1)

where &;,7;, {; are the area co-ordinates of the i-th sampling point and w, is the weight associated
with the i-th sampling point. Values of the constants w;, &, n;, {; for the various formulas are
listed in Table I. For completeness, three of the formulas due to Hammer and co-workers are
also included in the table.* Readers unfamiliar with area co-ordinates may refer to Zienkiewicz’s
book.? -

Because of the triangular symmetry of the formulas the sampling points occur in groups of
either six, three or one. Thus, if a sampling point has area co-ordinates (, 8,7y), none of which
are equal, then thére are also five symmetrically disposed points with co-ordinates («, v, B),
B, %), B, y, ®), (v, «, B) and (y, B, @), all of which have the same weight. A sampling point which
has two equal co-ordinates, for example (x, 3, 8), occurs as a member of a trio of sampling
points with equal weights, the co-ordinates of the other two points of the trio being (8, «, f) and
(B,B, ). A single sampling point with co-ordinates (},%,%) may occur at the centroid of the
triangle. To save space the weight and co-ordinates of only one point of a group are given in
Table 1. The entry in the column headed ‘Multiplicity’ indicates whether the point belongs to a
group of one, three or six points. The ‘Degree of precision’ shown in the table indicates the
highest degree polynomial which the formula integrates exactly.

REMARKS ON DERIVATION

The formulas are designed to exactly integrate complete polynomials of a given degree. Since
the quadrature-formulas are to be exact for all polynomials of a complete set, one can write (1)
for each such polynomial and the relations so obtained are the equations which determine the .
parameters w;, &, 7;, {;. The degree of completeness and number of sampling points must of g
course be selected so that the number of unknown parameters is consistent with the number of ek
available equations.

The equations for w;, &, 7, and {; are highly non-linear and their solution is not straight-
forward, although some steps can be taken to put the equations in a rather manageable form.

* This also affords the opportunity to correct the four-point formula, which is given incorrectly both by
Felippa* and Zienkiewicz.? The ‘severe cancellation errors’ which are said to occur with this formula may
be due simply to use of an incorrect formula.
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It was found convenient to work in Cartesian co-ordinates originéting at the centroid rather
than area co-ordinates, and since the quadrature formulas are independent of the shape of the

- triangle it was permissible to use the most convenient shape, namely a unit equilateral triangle.

The requirement of triangular symmetry means that the sampling points can .occur only in
symmetric groups of one, three or six points, and imposition of this requirement reduces the

of polynomials.

number of unknown co-ordinates to a minimum.,
found to be correspondingly reduced. The three
one essentially independent e
degrees. The seven polynomi
the first degree equations we

Although the derivation was carried out for an e
onto an equilateral triangle b

The number of independent equations was
polynomials of second degree furnished only
quation, as did the polynomials of third, fourth, fifth and seventh
als of the sixth degree gave rise to two independent equations, while
re identically satisfied as a result of the imposed symmetry. In some
cases it was possible, by judicious manipulation, to solve the equations in closed for
the solution had to be obtained by trial and error, after first eliminating all but o
knowns. In all cases the final formulas were checke

m. In others,
ne of the un-
d by using them to integrate a complete set

quilateral triangle, any triangle can be mapped
y a linear transformation. Area co-ordinates are invariant under
such mapping, and hence the quadrature formula (1) applies to triangles of any shape.

014957 00444 67670

13-point formula

Degree of precision 7

Table I
w; & M5 L Multiplicity

3-point formula Degree of precision 2

0-333333333333333  0-66666 66666 66667 0-16666 66666 66667  0-16666 66666 66667 3
i 3-point formula Degree of precision 2. ]
0-3333333333 33333  0-50000 00000 00000 0-50000 00000 00000  0-00000 00000 00000 3
, 4-point formula Degree of precision 3- . -

—0-56250 00000 00000  0-33333 33333 33333 0-33333 3333333333 °  0-33333 33333 33333 1
052083 3333333333 0-60000 00000 00000  0-20000 00000 00000 *~  0-20000 00000 00000 3

: 6-point formula Degree of precision 3
0-16666 66666 66667  0-65902 76223 74092 0-23193 33685 53031 010903 90090 72877 6

_ 6-point formula Degree of precision 4
0-10995 17436 55322 0-81684 75729 80459 0-09157 62135 09771 0-09157 62135 09771 3
0-22338 15896 78011  0-10810 30181 68070 0-44594 84909 15965  0-44594 84909 15965 3

- 7-point formula Degree of precision 4
0-37500 00000 00000  0-33333 33333 33333 0-3333333333 33333  0-33333 33333 33333 1
- 0:10416 66666 66667  0-73671 24989 68435 023793 23664 72434  0-02535 51345 59132 6

: 7-point formula Degree of precision 5 '
0-22500 00000 00000  0-33333 33333 33333 0-33333 3333333333  0-33333 33333 33333 1
- 0-12593 91805 44827  0-79742 69853 53087 0-10128 65073 23456  0-10128 65073 23456 3
- 0-1323941527 88506 0-47014 20641 05115 0-47014 20641 05115 0-05971 58717 89770 3
9-point formula Degree of precision 5 .
. 020595 05047 60887  0-12494 95032 33232 04375252483 83384  0-43752 52483 83384 3
. 006369 14142 86223  0-79711 26518 60071  0-16540 99273 89841  0-03747 74207 50088 6
: 12-point formula Degree of precision 6 .

0-05084 49063 70207 0-87382 19710 16996  0-06308 90144 91502 . 0-06308 90144 91502 3
-0-11678 6275726379 0-50142 65096 58179  0-24928 67451 70910  0-24928 67451 70911 3
© 0-08285 10756 18374  0-63650 2499121399  0-31035 2451033785  0-05314 50498 44816 6

0-33333 33333 33333 0-33333 33333 33333 0-33333 33333 33333 1

017561 52574 33204 0-47930 80678 41923 0-26034 59660 79038  0-26034 59660 79038 3
. 00533472356 08839 0-86973 97941 95568  0-06513 01029 02216  0-06513 01029 02216 3
‘07711 37608 90257 0-63844 41885 69809 0-31286 54960 04875  0-04869 03154 25316 6
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SHORT COMMUNICATIONS

EFFECTIVE QUADRATURE RULES FOR QUADRATIC SOLID ISOPARAMETRIC
FINITE ELEMENTS

T. K. HELLEN -
Central Electricity Generating Board, Berkeley Nuclear Laboratories, Berkeley, England

In a recent note,! Irons demonstrated several integration formulae for use with solid isoparametric
finite elements. The use of different formulae enabled variations in accuracy and running times to be
achieved, and clearly one aims for the cheapest rule for a given degree of accuracy.

One of the most successful finite elements is the 20-node isoparametric solid element, and this has
been used frequently in the CEGB. This note is mainly concerned with this particular element. The
usual integrating rule used is the Gauss 3x3x3 rule, with 27 points per element. In certain circum-
stances, namely shell-type structures subjected to bending modes, the use of a 2 x 2 x 2 rule (8 points
per element) has-been shown to give good results with rapid convergence? in a manner very similar to
the results of Zienkiewicz and co-workers® using a quadratic thick shell element.* However, thisreduced
rule does not always give satisfactory answers in membrane modes or in shells with solid attachments,
‘and so, as with solid problems; alternative €conomies in integration techniques are desirable.

The two most economical rules giving the same order of accuracy as the Gauss 3 x 3 x 3 rule appear
to be the 14 point rule mentioned in Reference 1, and given originally by Hammer and Stroud® and the
slightly cheaper, slightly less accurate, 13 point rule given originally by Stroud.® Details of the 14 point
rule may be found in Reference 1 and are not repeated-here. The 13 point rule is defined by the follow-
ing co-ordinates (in the double unit cube) and weighting coefficients:

(0, 0, 0), coeff. A _
(A6, (6180, =+ ¢ A), coeff. B

o m X, £,y w, +(y, &, 1), coeff. C

where
A = 0-88030430 € = —0-49584802

H = 0.79562143, 4 = 0-025293237
A = 168421056, B = 0-54498736, C = 0-507644216

One observes that the locations of the integrating points are not completely symmetric in the cube.

In order to demonst;ate the relative accuracies of these rules, 3 test problems were run using the
3% 3x3 Gauss rule, the 14 point rule and the 13 point rule. The comparisons also‘include results using
the 2x2x2, 4x4 x4 and 5x5x5 Gauss rules.

Example 1 B

A cantilever, encastre at one end, and of dimensions 24 x 8 x 8 units, was shear-loaded at the other
end. Six 20-node brick elements were used, three along the length and two through the depth. The end
deflection is shown in Table I together with the axial stress at the wall for the different integrating

to integrate exactly, and the 14 point rule is more accurate than the 13 point rule. In this case, the
2x2x 2 rule also gives good results since the dominant mode is bending.
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Table I. Comparison of different integrating rules for the cantilever problem

Integrating End Percentage  Axial stress  Percentage

rule defléction error at wall error

13 0-0933344 - 0-0220 1830-73 0-:2689

14 0-0933570 0-0023 182555 0-0148

2x2x%x2 0-0924773 0-9401 1859-41 1-8397

3x3x%x3 0:0933549 0:0000 1825-82 0-0000
4x4x4 . 00933549 1825:82
S5x5x5 0-0933549 * 1825-82

Example 2

A pressure-loaded cylinder was considered with a radius/thickness ratio of 50 to 1. Here, four
20-node brick elements were used around the half-circumference (a half used with symmetric cuts)
and two axially, making eight elements in all. The thinness of the cylinder gave a very distorted set of
elements to test the integrating rules, and generally the results were excellent. Table II shows the
various results for the hoop stress in the midsurface at the centre of the half-cylinder, the radial
deflection at a typical point on the inner surface, and the radial stress at a typical point on the inner
surface, these values being sensibly constant over the respective surface. The 4x4x4 and 5x5x5
point rules are again added to show the correctly integrated values, and the percentage relative error
of the 13, 14 and 3 x 3 x 3 point rules are derived from these (the 5x 5 x 5 point rule specifically, since
minor variations between the 4 x4x 4 and 5x5x 5 point rules exist). The results are again very good,
although this time the 13 point rule is better than the 14 point rule. The errors with the radial stress
are larger than usual because that particular component is of small order compared with- other
components. The results for the2 x 2 x 2 rule are very inaccurate, particularly for the stresses, since no
bending exists.

Table TI. Comparison of different integrating rules for moderately thin cylinders

Integrating Hoop Percentage . Radial  Percentage Radial Percentage
rule stress error deflection ‘error stress error
13 0-495400 x 108 0-0164 248089 0-0016 —0-100050 x 10 1-9435
14 0-495513 x 108 0-0392  2:48085 - 0-0032 —0-976273 x 103 4-3179
2x2x2 —0-344747 x 105 168:6010  2.78646 12-3151 —0:169223 x 108
3x3x3 0-495517 x 108 0-0400.  2.48085 0-0032 —0-974910 x 103 4-4515
4x4x4 0-495315 x 108 2-48093 —0-102125 x 104
5x5x%x5 0-495319x 105 2:48093 —0-102033 x 10*
Example 3

The problem of Example 2 was repeated with the radius/thickness ratio increased to 1,000 : 1. This
problem was used to test the integrating rules in extremely distorted elements. The same reference
values as in Example 2 were used (Table III). This time the relative errors are expressed in terms of the
simple results for hoop stress and deflection, with pressure of 1,000 units. The radial stress should
equal — 1,000 units, and is seen to be poor, particularly in the 3 x 3 x 3 case, again because of the rela-
tively small order of this component and roundoff effects. The 13 and 14 point rules give better

Table III. Comparison of different integrating rules' for extremely thin cylinnders

Integrating Hoop Percentage Radial Percentage Radial Percentage
rule - stress error deflection error stress error
13 0-100055 x 107 0-055 0998858 x 103 0-1142  —0-669000 x 103 33.1
14 0-100071 x 107 0:071 0-998833x10®  0-1167 —0-737000 % 103 263

2x2x2 - —0568722 x 10° — 0-399235 x 108 — —0-112392 x 10%° et
3x3x3 0100216 x 107 0-216 0-998777 x 108 0-1223 0-116084 x 105 1,060-84
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accuracy in this problem than the 3 x 3 x 3 rule. The results for the 2x2x2 rule are extremely in-
accurate. ’

The beam problem of Example 1 has been repeated with two 15-node quadratic triangle prism
elements in place of each 20-node brick element, and again comparing the results from the 3x3x3
rule with the 13 and 14 point rules. The accuracy of the- different rules were of the same orders as in
Example 1. These elements are used frequently with the 20-node elements to accommodate mesh size
changes without incurring unduly distorted elements. )

A comparison of the 13 point rule with the 3 x 3 x 3 rule has been conducted on a very large three-
dimensional structure of complex shape, containing 159 20-node and 15-node elements and 3,912
degrees of freedom. Inspection of the displacements and stresses of largest magnitude showed that the
relative errors between the two rules varied by {ip to 4 per cent. The forward solution execution time
was reduced by 75 per cent. -

It is concluded from these results that the more economical 13 and 14 point rules are of similar .

-accuracy to the standard 3 x 3 x 3 rule for both very distorted and regular shaped elements with 20
and 15 nodes, and that the quality of accuracy is maintained in very large problems as well as in small
test problems. The 2x2x 2 rule is very accurate for certain types of structure (generally shells)
subjected to bending modes, but its success in more general applications and loading systems is not
guaranteed, and so the rule must be used with care.
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a - QUADRATURE RULES FOR BRICK BASED FINITE ELEMENTS

BRUCE M. IRONS
University of Wales, Swansea
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Already isoparametric hexahedral (brick) finite elements with 20 or 32 nodes! are highly com-
petitive in practice,? despite the observation that 50 per cent of the total computation is often
absorbed in numerically integrating the coefficients of the equations.? This cost is approximately
halved® by a method based, essentially, on using a 9x9 [D] matrix which operates on
0u/0x, 0u| 0y, 0u|0z, Ov|0x, ... Ow|dz—a technique which, moreover, is more general than the
_ classical >; BT DB x constant algorithm.4

The purpose of this note is to demonstrate how one may further halve the cost by using simpler
integration formulae having the same order of truncation error. We compare certain Gaussian-
type rules, some of them new and all of them designed to integrate complete polynomials, with the
corresponding product-Gauss rules which are normally.used.’ The former integrate correctly
>C; s X V7 2%, i+j+k<n, while the latter integrate correctly a much larger number of terms,
those with 7,7,k <n. All these rules have been checked by computer. They are now presented in
the form:

L f_l Jena dxdydz = A, £(0,0,0) (1 term)
: +B{f(—8,0,0)+/(5,0,0)+£(0, —b,0)+...6 terms}
+C.,{f('—ca —¢, —¢)+f(c, —¢c, —¢)+... 8 terms}
 +Dy{A(—d, —=d,0)+ ... +£(d,0, —d) + ... 12 terms}

. The rules are listed below, labelled according to the number of points they use.

Rule 6 (i.e. a 6-point rule). B; = 8/6, b = 1. That is, we take the mean of the six mid-face values.
This rule is accurate to the complete cubic in x,y,z, i.e. 20 terms. A multiplying constant and
X, ¥,z are freely chosen at 6 points, i.e. 24 constants are chosen. The efficiency is defined as 20/24
so that the rule is nearly Gaussian.

This is an excellent rule. Since the mid-face values are so representatwe we should evidently
calculate stresses at mid-face in brick elements, rather than at corners—which are the worst
possible positions! ‘ ‘

Rule 8G (i.e. the 2x 2 x 2 product—Gauss rule). Included for comparison with Rule 6.

Rule 14 with B, = 0-886426593, b = 0-795822426, C, = 0-335180055 and ¢ = 0-758786911.
Accurate to the complete quintic, like Rule 27G below. Another excellent rule, with precisely
Gaussian efficiency (56/56), small multiplying constants, and moderately small sextlc eIrors.
(The good efficiency is surprising when the term A, is absent.)

Rule 15a with A; = 1:564444444, B = 0-355555556, b =1,
Cy=0537777778 and ¢ = 0-674199862.

A shghtly less effective rule, whose surplus constant is chosen to make it modular with Rules 1 and
6 above, allowing a flexible strategy. :

_ Received 16 January 1970
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Rule 15b with A, = 0-712137436, B; = 0-686227234, b = 0-348418011, Cg = 0-396312395 and
¢ = 0727662441, Another rule with surplus constant, now modular with Rule 27a below. '

Rule 19 with A, = 2:074074074, Bg=—0-24691358, D= 0-617283951

and
b=d=0774596669.

A rule previously recommended® but apparently much less efficient (56/76). ,
Rule 27a with A, = 0788073483, B, = 0-499369002, b = 0-848418011, Cg= 0-478508449, .
¢ = 0652816472, D,, = 0-032303742 and d = 1-106412899. A super-efficient rule’ (120/108) N
correct to complete heptic like Rule 64G below. (This is unusual among Gaussian rules in that it . :
has sampling points outside the domain.) -
Rule 27G (i.e. the 3 x 3 x 3 product—Gauss rule). Included for comparison with Rule 14 etc.
Rule 64G (i.e. the 4 x 4 x 4 product—Gauss rule).- Included for comparison with Rule 27a.

Table I. Errors of rules

Quartic terms Sixth degree terms . Fighth degree terms
Rule
No. x4 x2 y2 xG x4 y2 x2 y2 ZZ . xS x6 y2 xd y4 x4 y2 ZZ
6 1-1 —0-89
8G —071 0 —085 —024 0
14 0 0 —0-18 —0:02 0-22
15a 0 0 —0-03 -—013 0-11
15b 0 0 —0-16 —0-06 0-17 o ;
19 0 0 —0-18 0 —030 —031 —-006 0 —-0-18
27a 0 0 0 0 0 . 0-09 0:04 010 —0-05
271G . 0 0 —0-18 0 0 —-031 -—-006 . O 0
64G 0 0 0 0 0 —0:05 0 0 0
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A
SLCN 68 o concersivated (00Q ac\ng at X

Solution boge d anThe P.X.W.
Gaverxvn WWenoad:
ASSUPNE OGN SPPYOXImMOMON for u Mhor somehies e suppery cendiTion
Ww(0)=0 . Fav exonmnpie
Ux) ~ax
WhEre & \§ a conSYANT 4o ve acrermined Scom Yre v, W .
wlx)=ax
sxy="Yax=0a
cx)=Ee=ga

L
Al 82 B0dx= Su. %+ BULPL+ Al su-%.dx

SEMBEY ts equeTioo for Su of The same Shapec as -

Su= 3a- X
Where 8 1S an’ orbitrary coefeeront

Ccv\g\c\enna 4 (8w
A

L (s s o

A

(<. T
!\SQSC&-E-adx: O P+ BALP & ASLgo\.x.zgdx
(=3
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METHODS oF SOLNING  PVW

Review

L i -
A S¢ ST -dX= Su,Pot+ Su, P+ Afo SW ¥ dx

Galerkan rethoad Bovnador\es -

W=0x, a= censtant o bedeterravaed SU = O
LAt Su,= 3a-\-
5, St a

sanshes hemegenecus version

O=E'E=ta of quppovrt cend\ens

BU=8a "X, SU, U are of the some shape
_ dlsu)

8e= Tk S

Now SURSHTUTE eXPressicnNs (o P.V.W eguaiion TO cbyoin -

5 L
A So S0 E-G.8X = 0:P, + gL+ Agogalx-xvdx
( dvopsouTo(->

equanon

- all other yerms wnalvac

§6, eguomon AcCeS YOY contaun
(onunewnd) Yeoonon fovees
e contienys Yo

\..1
Qoo L= S0 Ry BA‘E-SO

force cenng ax locomon \-

was, previevsyy defined ag &

Sa [EN—0 “L&- 3 YAL? ]= ©  since Ame must berue foc an

oy bYravy Sa,; \* fewows thex !

ERLO—LB-Y2 A" =0

S6, O 1S -
Q i There fore, -the WOCAY approxXs cnon e
6= er " Se
EA 2 \3 e QX < YLX
= QX = 2
Compay€ YO X0CX SOVUTON |
COmPO\G(‘EA : | &( v L X %2
u= en Uexact ¢ EA  g2E 2.5
2 / it Uapprex.
2E Sl
L
~
S R SIMPIE AppYOX\ MG on Matanes
L af NCdES, ISN'T had e\scwnere
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APPROXIMATIONS oF goUNS

RQuanty af appyeX NG ONS
If exocy SoluTMOM 1S NOT KNOWN ) Now con acetovoey e deteymuned?
How geed 18 good enouyn?
To oneck 4he salumon
— conmsSiaer tne casec Q=0
FLX

Umpprcx: ==

CNECY- SUPPOYY CONAINONS — We=0,5 TlL)=0

g=ta = % + % Ha=e
c = %\: e MO
MOXLS SClUTCD NOT
acceprTao\C
— consraer fhe case ¥=0
- ax
WUapprox © g > Ye=0O
< -Q
Oapprox = “K y OL= YA INANIS COSC japproxienost €

SOVUT 0N 'Svery coeouvaxe
C\ocalyy peviect)

—mberween CQ,X #0) ... nOT as easy
Toward an mpreved GaleckKlnD approX imanon, VST
W= ax+bx?
T \easY ag SO L CTNEY OPpPYeXAMOICD
becovse \y conyonrs onginey ent —

=0, Uy=U, eauomons

b [E]Ex 111[1] rornices are fun
Bu=8ax+Seu x* = [ yli\[SO\ S |"

S‘é:E\ 2)‘1[8"“ gbtr

Suwe=6, su.= [ L > 1 Usa se "

Now

A S:Ss-cdx = e S[SQ Sb}g})a-\ e10i 2x]{a b YT ax

= A [%o\ g\,—l S[\ ZO\]TLE]L\ 2% 1] dw (_o. w7t
I

Acn -Cen s Tony

L i olex S
X
50 2Ex  4Ex*
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L L
Ajo Se gadx = BUWgP,+ Sih Pt Ajbgwgdx

Galerkin methoad
Lt 2nd degree poiynomial OPPrOX MBI ON

— sanghes sSupportrcondiNMon We=©

= AX *bX%X2
— use Mmovix Fovrm for easc Laxer
o
w= [X Xl][ bJ
dbt ] a
S=§‘; = o+ 2% = [\ le[b:{
a
C=g.e= [E__l[\ zx] [b]
Sa
= L v = 2
Su=Sa-x+ Sb-x [x X][Sb]
Shape funcmens
d (3w) Sa |
¢= 157 = Sa+ QSby:[‘m‘][%b
SWe=0
8a
s Vg =% :
SUbSTTutTe ol Ther inTo PV W. suc= L ] [Sb]

(writhen oVT ON 1GST poqe <— )

jL . . T pIVs somec sttt
P [ 2ER ] 4EW

oY,

SHENIEISI zxjmdx=

[x x“‘][sgqb] Yax

L

(4

op, +[L Ll][%gqp\_»f AS

Moke \T prerry — 80,3k onett; a,b on rgnt
= Con STANTS

Isa sb] A S:[Z'XJ[E][\ 2x ] dx. [:] .
| 5a S\o][tz]p\_-\' [sa sb ] S:[Z;]de

NOW ,
[sa Sk ] oppearS inall TErmS in the same way
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EQUATION MASSAGING

Simpifying witn ealerkin

[se s67{ §* [A]lealls 2x]ax[g],mm_5 [;J[MAX =[]

L
o
This equame ) musyNoLa fov o\l G PAITGeY K%O %\9]

SL [EA zEAx]dx[ﬂ: Z\\} i j:[zz][m]m

Trevefore,

o |2EAX 4ERAXT

QOﬂS\dcnnC) ETRE: m*cgra\si

. o
EAL EAZ || & QL /2 | eqa

3 = 2|+
Eal>  FEAC | b e WY | ea.2

SG\\I\nq Yoa for Q0"
—MUIPlY 2q.1 by —L
—add o eq. 2

‘O=—E/2E
Q:——G-'“\'B‘E_\:
EA e
So, w=ox+bx?*
= Gax 8L oy :
W= "EXN PY5 5 e .4 COMPOYE 10 EX0CY Ro\UTON "

2
u:.@i‘. -—\—}i\’_\(_ﬁ
EA  E 2€E

\§ RXOCT SOWTIAN S unkNnown , I S L

evvoy oF X=

QL 2
= = wtvie —
Dotovak = E( ENT O-/

(D’opprox‘“ Cexaax 5 =0

\ocally very accuvreNT
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APPROX I NATIONS

New mmetnhod
lnSteaa of congidenng o gecond: ARGIEE 0PProX Maxion oS o woy Yo
Wwprove the Firex- dTgree pOW NOIM M B opprox 1mMaTIoN , we can \NStead
use o P\CCCW\SC WATAX POWNOMIGA appy 0Xx \ YNA-NoN

Vs La

4___

o L (] {55

Fov €X0mple, USc TWe SV YegGI NS N Y_O 5 \—]
(01 ) swo-1
(Ut sve-2

V5C a hineo’ pelynomial 1n €acn Sopbvedion,
buA ensure thax Ine CPProx v ynGGN \S

coMhinuosy.

Eor CXO—MP\C, WYITE Hese Q()Proflmo;hﬁﬂS INTermmsS of the
A\SPIBLEMENTS o ¥ =0 | x=1\_, , X=\g

O, L) ulxX) 1s a hnear combiNAMon of We Uy

ML= WA S UR
Li=% X-~O W\’\'CVPO\O:‘—\O\’\ forenony
L0 L0 No , Ny
Ne(0)=1, N(L D=0
N (L)=0 N8, (0D)=0
LOCAL €XpPYesSSiony — ony
LNy : Lo X-L, Vol d 10 Tms one
wig) U+ —— u Viov
ek Ly L‘L\ L SV 69\0‘(\

In ’RaChregion, proceed ag pefore (calcoiate €,0,82,e4¢)

ond sowe-for W, Wy, Wy
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Galex kin —
used hinear ponnoMial apPpreximarion defined aver (6,0
w(x)= ox
0¥, quadraic POy NoMI e\
Wix\y=ox+tbx?*
AlTernQGTe Opprealin -
(wnstead of quadrant) ; opP\y 1OWeC 6rder appYdXICnemen in a
piece-by-picce orenNney
whny ?
GAEKIN 0pproX. muSt 2ansly Fhne suppert condimens
€asy 1N \D, noY st ealy wn 2D,3D
$6, par TINON

Approximanony
USE wnear polynonal approx LM adions (N supregions oviaane d
by paynnoning (o, L)

St oA - ue g each sUbvegion referved Yo
E ! \ +
e L oS an e\erneny
elemeEnts 1,2... nel*T Numbcy
Of ereinents
=0
X L “
Ajo S o dx = 8UucPot QUL P+ P\XO N Y dx
X=

Appiy the procedoce yged Lor the eyire rod e
eatn of AW ele NS

Dd..._.

consyder o typical element €

e

e e
approxiononon gssumed 10 € u(x)= & +b X ...
¥, b® are consTants over

(onad unique ) &

Keep n mind: we ore (vsually) \averesie d in carmmnuous
(and TALYERBYe | aopreX1naie ) SowTns for . deab\e | buy
TALS | pl 8T That Fne coethicrents of s .. not conven i ent
MOUST R SUCIN ANOT cont oty W8 Seniied

OF comnen POV 6F exrmMents .

instead ; vewrire e opproximaTion (%) VsING powometers relaved
A0 points of Tig CHEMENT INAT are Thartd widln nergnibering
e\t
(%)X IWGY POy NOMLGL (n vemnS o€ e
valwed af L ax Ane end peinis of
e et (arher pIs. may bt nYowed)
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SLEMENTAL APPROX | M AT \ONS

BETEr oppyo x \vaGnon

£

;
; <« jecol narnes Tar
endpo\ntg of <
X,y Xy COovawnotes of e end poimis
Uiy Uy Copproximnoatiany ef) w ot end peints
Now, CONSTYVLY & HneAY polynermial over (X,, X2 ) guentnoad:
WX D=u,
éUCX2)=V\2
ov,
asH Bt X, =iy @Ry ¥ ¥Wo equehens
o B =t L (9 o Boxnowns (a,b)
Te scwe:
muInpig (V) by (-)) end cdd o (2D
—0f— %%, 8+ X = —u T,y

: o= Uy
Dg="————"=—
X2 =X,
it B
Qe = WU, Xy X, )
Rewri¥e ¥R \\wear o ppyoxionGsion
oL ahal ¢ ) be x )
RO W =l - from UWxX)= ae be X
: R e T X2 =Xy
Simpihfied /rearranged:
X gi=iX X — X
wx)= —— u, + X has
Kot = Xa= Xy
Ny Ox) Ny (X)) Wrer polaion fonanons

Interpoiction funcnons .
2 G X EX Ni=\ , Na=O
R=xo  N=04 Wy=1

o e 42 4
ol (%D

/
Xy N (%) X2

»-—Aéz'NL = 1.0 everywnhere inIne exeynment
& consider tne constant SoIuTICn,
U=uz
NECAS D e cwic O pPYoauce CONSTANY
gevuhiong pefor e '\’\(\;\‘(\% hnear solvnons
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USING ELENENTS

APPly P-V-W. YO Singie Rlement e

U
u: [N‘ Nj_] u;

_d\A _ aN | ANy V\|
ST A ax ]
Uy
v
E. - dNy N2 d
G‘——E.E~[E][~ __]
A% —axn ™
dth o ! dng !
ax 5 Xq =X, ax F Xy — X\
[ su,
3w = [N' Nl]{su;
2y a
o€ = Z; X SWUo

Plug 1NTO  equaction

L
Aj sSgodx = BuoPex SU P+ A S: suydx
o

i o AR b d : 13
| 2 o ) (N S oveq ungryr
§ Sx‘ [_— ax ] SU2 /2 e (

N corve

e [ S5 4 u A 1 N\] ¥nla
ClE]wars sefa]h] Kl

aX
(eXe i
ti‘ “Eb u P Y2 BALe
Le Le \ | \ ! W T
F A
-EA EA Uy e /2 ¥ ALe
Le Lo
equanens Tobe sanstied
within ealh smedl evennent

Shared valves
benween erements

whoa Neppens 1o forces berween
nelginbevtng evemnents !
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ERROR CONS IDERATION G

Evror in F.E.A.
ervor (V)
L elerren s1ze

egror ()

lim = = conIaNY ot equol Yo O
h—=>0

en , T eerar \& of order X.
o, vofind The ovder of g exvor,

Colevlogre e exponent 4hot makes
Anox Wk frue

Typrical evement

W)= Ny XU, + N2(x) Uy

X3 =X T
N\(X-): 5 N1LX§:
Xz_x\ ;(Z—‘\L\

wixd)= [N, Ny_] :\
75

ModYiX of lnterpoiaiion
Funcmnons

dN\ dNZ \A‘

ex)= [ ax  dx
Uy

=1 \
called B il [ Xz =Xy x;—x\]

eco=[e1u]

O=E-&

tel-elle]
\D

~

y e \r\g\d\-h/ MOTY \ X

S\A\ \/ =
= 2')31-6A
SNU\ SWU2 .].-‘= = Y:ITYG‘X
VaXle M 4
60\/5“’“"\‘3 eunT\oﬁ
&3 = o 1 T
su P«S DRdx |U =sup+su [
o~ < A -
1 EA -~ EA FL
K e snfencss Le D
mMmaodr X —eA EE Le =R \

Le Le
Swice Su \§arbitrary,

R B

—~
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SIMPLIFYING ¢ GENERALVVZING

MaTiX foron equaticn

\ 2 3 4 ne e 2l DUTYIREYS
Ku= P+l 4 t t } t .
< o M o | 2 3 4 5 -h. OO a—_ 0cde nuMbery
For eacn CLEmMENT
@) ()
N b=l U, .P\
E—— & = (@)
ek il \ Uy P7_

T

SupersSen\pis
tnacore exem .
NV Mher

U, Uy For eyt
Uy, Wg For el 2 UNKNCWNS U Throughn Ug

e (somne might e ¥nown —
bovnadavriey , eve.)
— P,¥nroughn Prn
(agaun,some XNoWN | P >€q )
TOTS) nUMBer oF unkNdwnNg -

YT 2 e
P ¢ Tota\ number 0fF equamnons:

2 i o

80 ,nNted Meve egueiiong

padinenal equamons
—soN8fiecd ar NodC S ghared by Fhe eremems
(@D (2)
P2 = = P(z)
— MLST consvder exTevnal loads \f They ex ey

() (2)
B PZ = VYexr

AC(x2) + (-A)a(x5)

N/

con be drfferent’,
oxe, winen externally
applied 106Q CX\SES

—Ah\S adds as a0y SquanoNs oS 1NTeY NGl noaes
N -2

—ew TG .
2ne + 2+ nn-2 = 2NE+ N = F ot unknoens v

AssemMbIe eguahnons !




17

vy ogonal systemn

ot gcgquamons

Ce3B\R: FINITE 13 Sept Ob
ASSEMBLY
It's finne for sévae gigonTic moavices
i A -EA s 1
L Le & W 2t )
e &
9 -y L'\ \—7_ L'2.
s = (2) (3) Lo+ Lla
= So L ER . En oER “2 £t : :
g L'). LZ L?) L3 ] _+_Z_AX
= O -z ;
& £ A
o @ ER ER
(o)) £ O u (ne)
o g) Lan-\ an i . Vone
Z W — L ~ L o
® W 3
o
L
|-_' eaqual o 2€v0,
0 Big SyS1em € equahnonsy excEPt 1 1OCORENS
I&.I Wit Support @nAiMens, can ot Bhpihed e
liﬁ e PreEvTy easily sewed .
@ Pnn Q 3 etes

(o) PNOST 0S S\MPIE S dagenal )
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ONE -DIM. ELEME NT
Brief review
Ee,Ae, Le , de
! 2
e
o W=NU a&— 5
(“ ~ ~noe~
(o} v
c
5 ]
©
— N' N
B NN
L g Xg .
-0 = A J T = |
o Ll ?9 o —P~5 NT [ ¥e]aix
53 “ \
o £
. D
2 dNy sz [Ee] e\ement node
® ax VecToy
o
E element STFENess
== oNoeTY VX = =
O i W P |
= =) \ ° 2
o eUp=Pe + T or (EE‘) 3 : N
q ao o L /e w 2 |
e ol | z Py
n
@
w=0, R =a (v original examp\e)
Lo—add +B 10 B va) N Xe MATTAX,
P "’B —U\\
(V% SOWLS O & Smadl Ayt
X 2
G 1;
using TwWO erement
: 1 (se\vnion &ranapefor e
®
i = ‘ o b l . : - e
\ o
/Ln /L‘ u, P, ¥a (L)
2 | \ iy
&+ ——
L -\/L /Ll /LZ /L1 \Al = (e} 4 XP&(L\‘\'LI-)
e i
EA
= A \ 2 v F\— }
/ea Vi 3 YR(w
'y ¥ would bt non:
: 2evo \ £ aN PP
OSSUTY\\(\GS lead ex\sted
=g
A= P~L P L A
e W, 2en 8 F
s U e o
W= Eal e G =)

eX0Ct YaUes 0T n0dcer.

INEXACt beTween,lbecoust of
Lineqy \nter polanon




CE 38IR: FIN\TE i® Sept Ob

Engineer's Computation Pad

No. 937 811E

@ STAEDTLER®

QUADRATIC ELENENTS

IN one dvmenfion

i 2 3
e W (XD 1s asecona. degree polynonnial
Neeads three NodeS per gyemenmT
middlt node necad Not be \ntne ravadle
gner GCLNYOLY OCLLYS of cervanm \6CGToNS
Now,

NE= [Nl N2 N3 ]

(x—=%x2 Y% —%3)
NS (x,= X2 X %y— X3
SN 2aF S8y equal TO one
. e (X=%x,)(x=X3) GT node , 0 oy oYnec TWO
(Xz=x D) (x2-%3)
(x= %X =%2)
Nzlx)= R

ANy dNa 6Na]
B=1| 3x dx Tax

X3 : X3
SR 8L R IR T

X, X\
Inteqraming
T4, & ' '/,azsA\,-
k=218, Vs Y . T=z| Yexh-
Yo T8 s YoBhy
l pr\omcd

USING SIMPpSoN’'s Rute

b +b
jo flvyax = (ws[‘/b&mﬂ/a% ( a“f >*‘/»5(\o)]

= A(XB,VX\)[‘/(,N\(_X‘)K*% Ny (x2) Y+ ,/b N;LX—),)X-l

f f

o) fe) foc ZWwe L
of ! moavix

=YoyAL  for Ny
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ABRAGUS! INTRO

EXTra detai | g
FPrEPrINT , echo = yes, model=yes, nstory =yes

* node f\e * noade print

J
L2 prints 1o L dar Fuel TOY WNSEING  aneckang file
NTeracTve | on command wne
aboqus, jow = - nTeyactive (o commaos)
OUTPUTS MOYXe Aodo. vight thea
*0seY clemtaT  y\

define your owN e ernenNT

needs Xmorix o defne $nefness exc.




rod2_ul.inp
*HEADING
Rod Analysis
*PREPRINT, ECHO=YES, MODEL=YES, HISTORY=YES
*RESTART, WRITE, FREQ=1
“NODE, NSET=ROD
1, 0.
25 &b
3, A
*USER ELEMENT, TYPE=Ul, NODES=2, LINEAR
1
*gATRIX, TYPE=STIFFNESS
-2., 2.
*ELEMENT, TYPE=Ul, ELSET=ROD
1, 1, 2
2, 2, 3
*UEL PROPERTY, ELSET=ROD
*BOUNDARY
1, 4, 1
*STEP, PERTURBATION
*STATIC
*CLOAD
1; 1, 25
2, 1, .5
3, 1, .25
*NODE FILE, NSET=ROD
U
RF
CF
*NODE PRINT, NSET=ROD
U
RF
CF
*EL FILE, ELSET=ROD
NFORC
*EL PRINT, ELSET=ROD
NFORC
*END STEP

&\

R
i

<
=
f

P

210U



CESBIR: FINITE

*HEADING
Rod Analysis

rod4_ul.inp

*PREPRINT, ECHO=YES, MODEL=YES, HISTORY=YES

*RESTART, WRITE, FREQ=1
*NODE

1, 0.

5, 1.

*NGEN, NSET=ROD

1, 5, 1

*USER ELEMENT, TYPE=Ul, NODES=2, LINEAR
1

*MATRIX, TYPE=STIFFNESS
4

-4., 4.

*ELEMENT, TYPE=Ul

1, 1, 2

*ELGEN, ELSET=ROD

1, 4,1, 1

*UEL PROPERTY, ELSET=ROD
*BOUNDARY

3, 1; 1

*STEP, PERTURBATION
*STATIC

*CLOAD

1, 1, .125

2, 1, .25

By =25

4, 1, .25

5, 1, .125

*NODE FILE, NSET=ROD
u

RF

CF

*NODE PRINT, NSET=ROD

CF

*EL FILE, ELSET=ROD
NFORC

*EL PRINT, ELSET=ROD
NFORC

*END STEP

——— 3\

A SRS v R WS

£ D
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rod4_t2d2.inp

*HEADING
Rod Analysis

*PREPRINT, ECHO=YES, MODEL=YES, HISTORY=YES

*RESTART, WRITE, FREQ=1
*NODE
1, 0., O.
5, 0., -1.
;NGEN, NSET=ROD

H s
*ELEMENT, TYPE=T2D2
1, 1, 2
*ELGEN, ELSET=ROD
1, .4, 1, 1

*SOLID SECTION, ELSET=ROD, MATERIAL=BEST
1

*MATERIAL, NAME=BEST
*DENSITY
1

;ELASTIC, TYPE=ISOTROPIC
Seily
*BOUNDARY

ROD, 1, 1

1, 2,2

*STEP, PERTURBATION
*STATIC

*DLOAD

ROD, GRAV, 1., 0., -1.
*NODE FILE, NSET=ROD
u

RF

CE

*NODE PRINT, NSET=ROD
u

RF

CF

*EL FILE, ELSET=ROD
NFORC

*EL. PRINT, ELSET=ROD
NFORC

*END STEP
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en Ferms of % and.

A Note on Nodal Lonterpo [ation FunclFons

The polynoncial interpofotion funetions we have
o(z'scussea{ so far Witk rz?,ara( Yo one de'mgnsaemga,f
Finite elewents can be Lyritten Very coneisely by
means of a [inear mappin of e elewent omarn
onte the standard inteFyaf [Fi,1], Fer xeump (€
consider e tive —node elenent cccupying the

enterval [%,, %, ], DPencting Hhe standard coordivate
by g {wi%’ Ee {) , e [inear Mafpf:h? @fé‘?g“?g&? ente [~1,1]

can be evritten oS
- 1+8 7,

E= -l 22,2
X%

and

(%g=% = L—e)

These relationships ensure That x=%, ane §=-|

are émq%‘gs of each other, The same holdls for %
and E=1. Between the Lve end peints, % and &
/a'near*fy With esch otfar

X = K} ?éa?:&
R Bl
2cause of the [inear: Re o pp i
i?g@! wealsS in % becowme Pgnfm;af i n gﬁfﬁ.{sama

V{Lr}f

degree. Thus, +he nedal interpolation functions are

iven o
? YN, (%) = Za%
Ka=%;

N, (8) ij

N, (%) = %E_

tn terme of £, The expressiens for N, and Ny in
terms of £ can be obtained in e wusual manner 24

hoting fhat Ny ¢s egual o L For €zl and 0 for g=
while N, is 2greel Fo l Ffor €=/ and 0 ferE==j,

SYa g izar‘iy, For e three —neode e/emmz‘:, He
lineear mapping of [#,,%3] ento [=1, (] can be
Written ag
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Xazl-é—%(ﬁg‘%i)

Te-la 2% 2
*3-%, -
These he.{&%{@ns.{{épg render ¥X=%, anel g’; -l {mages
of 2ach ofler and e sawme holds for tex, bnd E/
as wells as Ffor x:«zz%& and E=0, The necdal
an%ﬁrﬁe?’&%{da Funefiens Tre given by
Ny () = (oxe) )

(x,-%2) (%, ~¥3)
Ng_, {‘?C) = (?”?é)('x “@i

(% ~%3) (%2~ %)
Ny (%) o (%2-%) (%-%)

(%3-%) (%3 -%,)

anel (153"?‘:( - Le.)

tn Lerms of % and

N, {'%) - 26

2
Np (%) = £-%°

N3{§> = g’(; +l)

th terms . Again, the expressions interus of
con be e;é‘if?vief é‘g the nsuaf af&m’xer* by notine ‘?‘ﬁaf‘g
N, is epnal to L For x| and O fer £20 and F=/
Qﬂg(g ga:mgfdj“”fyl :f@#"’ Nz ﬁﬂd Ng N ;

The expressions in Lerns’of § canm ¢ used in
Computing varions Integrals Hat arise witk g reater
srmpliel ty, Bott, enamples belew refer 1> He f‘hméﬁ-a@di
element,

Exemple {

jxsd!\h.iﬁiad% ;_,:j @é‘giﬁiﬁﬁ i@d;
da oAy ] ‘ t

%
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ABRARLVS AND S1C.

Lumped, NG ) x Cput NoT shffness! )

MAasS
o b a+ o O
E—
b o o o+b

A0esS NOT \OSE gecuraay
(exror \s of Hne Serne or der )
Frink oF fomped mast medels

N dynocirmie onaly S

ABAQUS CAE noted and explononon
FOor Siraple Wuss naoadel
= 2D Plencr  Lwwe config.
— Secvrion oesrn (hwouss )
— Wineay pevt uroaToN Fep
—bounadory conad mons
Type: dgpracement
resyviex \i-d\y movernent
(s cne: e oNolyS ST 6N o pToNn )
—loads
concenNtrared \oad @k a¥ non bived ena
UsSe P=1.0 fov AN\S exampic
- mes\mns
Serecr exement type (\Wnear | guedrosne)
Truss foraily (72D2)
- field ovtpor
SIYCSS, ST e, AISPIGCETNENy
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END O’ oNE DIMENSIGN

@eneral knowle aﬁc

fimire elements — Yevnn WnTYeduce &

bV C\e\;fs\,\ and Maytin

MORE THAN ONE DinMmENSION

STress-(yensev )
—de3LrI0ES ANe 100 gSfovCe PEr UNWT O &t & POINT |y e CONTLINVLIN
— h@&s siX components reguire & (wy generon

—con bt arronged n o 3% 3 meamix

Txx Oxy Oxz Oxy* Torce N ANE % A\ (eCTON per VMY
Gyx Oyvy Oyz ov¥ea on oo plone thvough Yne maderial
Oxx Ozy Uz PO OF \NAEYTgY onienYta \n e

¥ Avwve Lo
unit veltoy

0~ normat e

Fre pronc
—oNne h Shouwa Yok favet \n 4R X dyy o plene orented
(pPer UMY oren) ef a piant orienied N The diréchisn n

N e direcnen .N 1S gwen by *
Ty = OxxNxt+ OxyNy+ Txz Ny

L tracnen in the % A

Gxx Oxy Ox N x
T Cyv Oys Dy |, T=0n
Oz N3

WaCmion vecsor
~ QC)I’)SIdCYl\’\S o Infinitesinal elémeny \n the Neighberhotd of the onateriad
pPoinT Of INTEreSt and opp'yng equihibriumn of moneniy ena ferces
SN e E\ernent ) One fund g :

Oxy = Oyx ensure nmennent egquilior vuvn
Oxz = Ozx N fihe albsense of )
Oy = Oy < g ibuTed monenitg

‘ih\lsl SY\N)W—\,Q_W\I ot O NAoIYiyY
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Stress colcu)arong

O0x  »0Txy + 20 L 3t x displacement Equilibriun of fov ces
oX Ay 3% T Y INthe X-Awection

mass density

body force dengiry
Wn X-dwechon

20y  30xy . 202y 2’V
—— =LA by = S
oy T ¥ % Tl i il 7>
90xz  3Cyx . 302 e Fia
Ix 3y 2z E P v

ASHOUMING e d\reCN o of The grov o enal feld covncides
witn Hhe negdmve 2 directian, e bedy . foxce dengyny
can be writi e o

. O
sl et

—¥

5 Wnere ¥ =ynix weignt

APPIYING Tne Principle of Vaivtual woerk
— MuUiNply Beqg abeve by Su,3v,3uw
—1NTEGrate acrofs N ;the AoMoan of e obycct

TANTEGroMon by poxis
U 32V P
« — e P 0. —
LL [SU\ P-Je T .p Fg T ¥WRp 3&1] alL

examplc .

20 =
Jouis da= | [ 2 (sv.00)-2 suox|an

Green's theovem:

o

N

TR Yeplace dervaamves of the SAYEss
COMPONLNIS Wit e Qernviynvesy
of ¥he virtIG\ A\SPracconnis

(on e element )

J =
5 d—)(dl.l Sg,i'ﬂx 4B ; wWinere NS Ane cutword

nornMael Yo orea ) pt B
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STRESS CALCLLATIONS

Coculgcnong of VELToYg,erc
Ox,0y, 0 — Novymalsmess componeMs

Oxy, Oxa,Cyz — Shear Shregs OMponcnNts

in three dyonenSons,
U,Vv,w are dispiacement compontNis
bx,by, bz are loedy foree CCAnponeOtS

Princi pié of Vivr ool Worg
MUITIPLY The 2 g equAonsy of force equilibrivm by Su, SV, 8w
and add . Taen \Ntegrate gver domain L

df
j iy Sl SB{’“" 4B (or v, 2)

-

wngert \ovs ot mﬁregrcgh()n detodlg %

Stroun - displacement equamnons

du o% av _ ow . nald
S e L Ben S
o1 STroi N ComMPONIENTS
ey= 4 (2 2 ) .
xy= 37 ( 3y 7F 3% describe chgTornen
o (ﬂ» oL 5
Exz= 7\ %z 7 5¥ AISTOrS10NGL STV Cn
ComMpd ety
B By =
ey 2V

Eyy ' relored To the change \O angwe
beruween two elermenis
Exy = ax & Vowe
conghiunve eguanoeng
— relatre §WEsS and Shroun
— here imited 0 180TToPIC, hneor, e16g&Nne eguanons
COmb\h\hS eqvc;:nOhg

xt [

Ox l' r26 Ex
oy R L R e €y
(oF'% . A A A 26 = Ez
Oxy G Exy
Oy o) G Ty
Ova G Yix

L AR =0k ~
g D z

MoLamé meduius € : Young's moduNs
6 » gheéaxr modutos 0 PO\&SQY\S oo
conversions:
A+26  2-2V e
& | 1-2V 6= 36+0) g=rE
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STRESS CALCU LAT)ONS

Generol equosio o)
O=0D¢g
LSTYQ\\’\ components
motenial gnefress (or, Y1gidity ) maivix

StresS moatni X

SIPUEYVING  gient integrals  (noT wiitien)
S% ( Du-Tx+ Sy Ty + §d Ty 3 aAb — 5JL(SE,U)¢+ Sey Oy + S2.0z+ S¥xy Oxy +
B¥y2 Oyz * ¥y Ozx
. auz
4 .f_n. (8u-bx+...)an = SA(SU'!O Siv S0 B 3

yemtoneer ol &

ox Oxy Oxx || 0, Ty
oy Uyz n =] Tv
(FY 03 e

L

T

or Nx,Ny, Nz

r i 2 =
Sp, ML IEEL SJ}.SETGC"G’Jr L\_S‘*Tb"“n' S.{LSMTP Wda
3%u
o2

2v
Y

remrrangmg sideg ot equainon, ag%

LLsaTadn= jBSU\TTdB*” 543\1 baa « § sWpldn

Internal Vivioa ) exier na)
Work Virtual wWev g

dropped W
Sratl ¢ equariong

)cUL
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THREE DIMENSTIONS

gencra) equation

SJL%ETUCML; SB%VF‘MB+ jﬂgm Co-pU)di

10 TWOo AIMENNGNS | we a\STINgUISH Yarce poseiol ey :
= planesiroan
— planc stress
- anT\Plane Snheax
Piane Strain
body (Sivucyore) exTendsy uNCNANGEd (N onc direeToN
Le. 4ne 2dww ("out of prane” divrecnon) SpUiT eylinder

r—i‘_—‘
£2=0 @ Tesy
load \S uniform in+ne oLt 0f -plane dwection

w=0, %52=0
(1§ 2 18 4he UNChoNging dir, )

So,ony Ox,0y, Oxy e yerevant i Ane Poof v.w. s

2

N *u

SEx by Su == 1%

S¢=| sgy 3 b= 5 Su= y UT 3y
§5¢2 by v Ere

Fromne cquamens of 1SCTropic, incer exasnaty
Ox= (A+26)x+ agy (+rg2)
Oy=2ex* (AT26)ey (+2€2)

Oz = rsx+agy (+ (2r2¢)e2)

I— €2 Yerms are 0

Oz does not equal 2exs,but g
entirely mAermng of Cx Oy

) &
Ty = GZ‘X\/ > T\/%'_: 6%% 3 Tax= G}éy

MaTrix eqvamons =
O =D& A+ LG A O
=l o A+26 o REMEMBER.:
1) o) & Oz d0es not

NEesSSGy iy
gqual O.




Equanons of elasncrry
Ox= (A+26)Ex + ACy + A€z
Ov = Ay + (A+26)ey +AE2
01y =0 = Agy*Agy + (15+A)E2

ov, rearrenged,

= ex + i
2= ez (B TV
I 2z 7\.1 =]
e e T AT a+20 i
D= AiAL ik L o=
AT A+26 A+26 = =% o

CE3IZIR: FINUTE 298EPY Ob
MULT]- DI MENSION
Plon€ 8Tress
—2imiicy TO pPlant Svaad
— InStead of 8270, 0270
= — apphies 1© Hnin bod €8 suby€Cied Yo \oads 1IN NE planc of
OC" Fre croge secmen (Pva plane” \eodt )
S i
J5i
=
Q
= @ pevforaiea plote
fr S
¥
)
& £ P
. D
25 &tress /Stcain equanons:
sty = 9y =2 =M 2V LN RN B T =
@I &x’;" y &y ay’? gz 22 D Bxy = 9\{“’-5;( s ?514 55 1 3\‘-0 1‘61)('0
1]
l__I ARuUMe that V 1S afunchon of (x,y)
e~ U S a funcnonokf (x,y)
L Ser 8w =0 — removes 2-equihbrium from P.V.w.
[~ 8
E = S5%2=0
®& — 3¥yz=0 as8UME thoy Su, 8V axe
— 8¥x =0 foncnons of (x,v)
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MULTI-DIMENSION

IServopic lintar elasher ty
2D probierns$

—plane strain

—plant sSTresSs ——————a. ASSUME Thar

—anTipiane Shetr S, y) ‘
vIX,y)
w

F(2)

3

5'9—?_;0’ W=0, M(_X,\[)J\/ (7Y
b't:o > 22=0 )O__lio

folls apart near Yne ends

oY edges of o Spedimen
(g00a for Thiex bodies)

~ gooa forcaktel of

+hin bodes

— oNly 1In-plant forceS are

appied or considered
(4host that couse sretening” )

— O8SUMPTON 1S move exact as The
Fckne’s goes ™© O
O —70 as d—=o

More on prane swess

d ‘Y sg’ 6’ dL+— domain
AL

1

Thickness Sfz

-4

aN Ucu'je

steess odz

NI

Tor ealn A\ECON
X, ¥, &
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FPlane Stress :

13 “ b L. = . k’ e ¢ : Pl
Asumefinst that ulxu), vyl and Wiz}

Sy aenl

NI Ay :
/i %}"% TN é‘{i LG b\’\f
€y = ASx HATLZG)&5 + "33
= PR A %V’ “a 28 P! a‘)\f{
o = A S it
\JE ‘”‘“*IEE}Q —im"§‘§ vﬂi\‘?"g‘a&iﬁ‘%“&

-
S 4

asSurad Cga=8G, *‘::t’“m%‘* i"% ‘,’;ﬂﬁ ;;;.A N" é@e‘; ﬁ,%fﬁ u
=

M
%’%a*ﬁﬁﬂ{“‘ew‘“‘ o be f-fuatﬁf mgfwef?

ConSi=ier +he R“@Sﬁm&mmﬂm ackt by O -—Eﬁﬁm@aﬁ@*

Ta:;fai@i +o the ¢ @%Wﬁﬁﬁmﬁ \

e
Sex = a:_rf 5% -~ o, QErero
This Would Vinlate becir rekay condi NG on

ks

s any ovk- ef nfane joals
A a3
Trghead aippfg;-&?@ .,mw::s“a"“:; rﬁﬁfz,‘m ’&Wﬁ:’x (rettel 1 5 18 ’
G e the Thickness wr the &aeiy, o) 1S Sl 7
ohel quhm} 0.8 ’f‘: SZe=ro %xﬁm% Tay==c
o "E“‘@w@ e+-the W@% T ﬁ;ﬁ %»@;ﬁﬁw§%{‘“‘
(—thé’:,% = ﬁ“‘?@* ?;&?’tﬁ“ i = e zi/ié‘; erhiey = *“‘;;;"‘z,,:
==l g
%%5"— -"“‘\f
i 5 {Lﬁ wm?%m‘\@ e@ﬁ‘ﬁ’ alfe. ‘xﬂ“@f %ﬁ
{oma f&m\f’} Sraed v e ”c’&f.,e‘i:‘e (e
f‘ {%‘ & %
x a';w the Fﬁ b 57} ﬁfw‘émgm;g@ uém*i\’“ﬂm
‘\F e,ﬁ’,, ¥ e,}g o
Q‘g LA LB é
Yot N QQ“” ?&3}5‘" ). é o
"z*:t«:qwzhﬁ VIV "5::; - g«q ,?i -«f‘ét“’
corZieter ghatics mrobdm f::% |
r‘iﬂ@m L, 553135.,;{,%., 2. 0inthe ngbf*"g"wg o emokh Cace
AG-_-&;,&{ ; ! .e.gwg"‘g Y .
ax = ac &=~ g /S 20z E wd
%«%Eﬁ"zfﬂ% at = "”+§“ C = w’ =0 -t ="z
—
%Jﬁ’r@f‘% ﬁ* -2 AT m C'%:z ‘g‘mwc"% gf_“,“%f“ ‘“f:}t »W;,‘_‘j’{ w wmuu«-aﬂ@g
In the famf—* of e ;thﬁ““’* oody ¥ assummgt fon, it (S
reafonot (@ ks ek O —> 0 TS a:%m’?'
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Now, esrSider the TV ard (0t -sagrmt@ avep

¢y

s —
.wfﬁnﬁ L= e ﬁ?s

T2 P
Cnf S ‘5; 5“ é“g’% rﬁ&:i”?"’h@“ < ;.; g?"Tid tﬁaéwgg

Nzp h_ism;?:, i
Fad "
& < ayg. Steessever A thinkhese
. I qu“/‘?;
A !
S=3 J, & d= mrﬁﬁﬁ:“? Sirectisn X,
=4 o =

="

L,
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E f 04 Octoper O

Lsotropic Linear E/as?‘:’a;?’{;ym

. . '
Two - Dimensional FProb/ewcs

‘ggr P/ane Strain

Assume +that
W, V, by, by
® 3 qg‘ L H N t‘
ore f&ﬁgf_‘g@ng é‘; ¥ e @ﬁt?gﬁﬁ\@ Q@éﬁﬁéé.ﬁa%@f ’fof%‘ﬁfﬁ
and,pessibly, time (), <. 0., they are indepondent
of He "out—ef-plane ceerdinate (z). Alse, assume

+that
anaﬁy* t+he eflactie auzsiuf;; 2 and &, and He
mass densiy, p, will be assumed 4o be /n generaf,

E

Fonclions of % and y (net =) . TH Hewn follews Hat

é:’x; £§Iéﬁ$fy; g;?f%?%@@;%?

&

are funclions of %, v and t while

£220, £)3=0, fo, =0

Furtherme e,

0 = (A+26) e, + A £

i

ALy +(242G) ¢,

- P .

S 83

y = G f%}
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Q<
&
ERF
&)
i
L
==
R
=

of % and ¥ while H%gﬁ eyerywhere en fhe éd?.

Naw, gensader’a slice of the éw()f parallel + e
#-y plone beliween g« _ d aned EF=d , The
thickness (d) of e s1i&e (s arbi B ry as the
é:iyé %umv@‘f‘w; Properties and bebheay o are.

X P

endent of X On the foce z= 4, " He traction
components are ; : 2
7; “@;g a@
T, = -
ly =0yg =0

T =% (in general, #0)

(3 ,i r 2 v
Sim farly, on He foace i.-.-,-.;g;'£ e Traction
Components are !

N

S Tpe =0

{1

T i
'y ==%e =0 |
Tz = -0 (In general #o)
?ﬁ the "edge” of He sf
belyeen the faces z=od andl 2= ), Zhe traction
Cemponents are & &

- 0 o

7‘3{-& @%ﬂ?%@yﬁy %f@’t?g%

:Gn ; ﬁ i
7 yxhe + 0y Ny o O e ®

N

s

-
7

Y

T = & @ S Y-
2B Iy + Gpg° =0
S

Where n :?ﬂw‘ﬁ%%‘ ocutward wnitveetnr permtal +H
He Celace, he Compenents Ao , Ny are Funclieong

¢ 4 e.
Thusg, T§ gmd Ty en” the edge are fupeliens of
%,y an White Ta=0 (gyﬁs:ywnerﬁ eh He edge).

For #he slice between z--d and z=d  He

Prineipl Virtu 73 2.
Principie of Vi a/ Werk with dw, &y funetlons of
®anel y (not z) &nﬁf CW<=0 con be rFewritten in e
g valent two-edimensional Forw

AL T Sy = A U o [0t
, B A,

2D
2D 2D
Where ;

ice (/ﬁ‘e Fﬁ?“f‘&f fhe bo &&na’fzr};

),
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%L:[Jv]z%" Sey |, £=|0y |, £=)¢8y
52.!’95); %y Ixy N
¢
To b T e [
I: Tié:j-é ”3:'\1 ;%z_é%
Y Y ) e
Note:
T=D¢
wi th
[a+26 2 o ]
D=1 2 2a+2¢ o
o o G |
Recall +hat 2+26 _ 2-2V 4,.d 6. E
| & /-2v 2(/+v)
Other representations of D:
o 3 1-v : v -
2(%5‘2»' 25?1*251’ “
- Be 2., = 1~y
;Q = &iﬂ-;%v 2“&’;:2";
— ==
oI The ]
bcPs‘r vcrssionm L o o G e
use 1o qer B
r I=yp Vv ‘
@) @-2v) E\(.ZW} (1-2v) 2
D = E R4 i-v
-~ (4#%}(&*2#} {1&#%} {A*Z;f}
E
0
- ¢ 2¢1+v) _




& Plane Stress (/&Ip;r@th‘ﬁiw}

The owt-of-plane diwension (d) i assumed 1o be

much Swmaller Han He in-plane dimensisns,
Acssume Hat He :;CQC:QS‘ Ar€ fraé, ef Lractien -

& 2

,/5(/;:&; wi Hewt loss a;ﬁ a@aemége’i , assume thoat the
traction cowmpenents on the Eige(Par‘t’ of Hhe éeundarﬁy

between Z=-24 and ?3%} are sywmelric about the plane

Z=0. e’\fawé efine "frough-the —thickness” averages
ajﬂ all wah'&*iz’:;j oJC enterest !
A
=L [T de  ete.
a ’
-d
2
g, < % dg e
% = '2- 2?5 =, b
Zd
2
N d
7, = ?j o, dz ere
~d
2 te &

( These averages are funetions of only %, y and )
The 2lastic wmoduli 2 ane &, and the mass
dengity, p, are assumed h be, in generaf, fun etions
ef % and'y (rot 2}, Also, the body-Ferce densities

/]

3 é‘x / by 5 PO
are §awet'a.@@g @§ ¥, ¥ e fi_, F0§S£é§§?§é‘ (*M»f‘ ﬁ) while
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Naw’i éwi‘wd@m@ ‘Het a?afgmwémaféaﬁ: )
' T f 2- T ,
T = _— iS AN ower QN
Z { G'é é{& =0 g¢

o valwe

It Then

z

w
=3 E?: =
and tlerefore,

2 - 2
z{?ﬁ-&émi—m\‘z 2‘;{-&- (7\-_;&. }%}
pez{ﬁ’ A+26- 7

=(» -2 ) At2G - 25 ) ¢
2426 ( a- 2+267 7
The @\\aem\?@ si\eamsﬁ} stress satiefies

| &y = & &y
For “f’ge, slice ea‘*wéﬁﬁ %wu...., and 2= éﬁ e

2
Follews that
Réy#-»?ié; u&s@‘-@} 26)E, E, =0

Prineiple of Virtual Werk w#id du, §v* f%aef‘eék*g
of amaé {mz‘&i—} epnel &»\fE@ con be rewvitten
in the foll ,wm;( ﬁrwx'
X A
a;’ TG AR, = d-[5yTT 48, + a(fgéf(gupit)e(é
ﬂ ‘ﬁ L B Ll
‘w’
g L
I 5@,@» 2p
Where
Ie r re e =
Iy - b géﬁ’i? o~ g gg? A ‘fﬁ % A g‘ﬁ .
sUsle |y bestogy |, Te13 | 217 |
[év ] [ & PN R B
. WY § ¢ ﬁ—‘;{z g ﬁ 3
N R Léxyd
-
A T ol o i
T x| 4] 2 T44]
a«“z L B U= p, Wt T
LY LY !

),
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1. 7The wetrie D for plane stress
Coan :&e ebtarnel Frow e ﬁé’mﬂﬁ-ffﬁm?q
version by heeping & the Fame and
?’"&Pfﬂééﬁ; v w%%
%
{+

mputation Pad
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2. The matrine D fir plave strain
Can be eptaineel frewm ¥Re plane-siress
| version by heeping G ¥He fame and
o replacing v i
F ag & A J’ ¥ . L1
5 3. The T"plonz stress approximation
& becemes enact ¢n +de Fiwmit eas

od =0
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MULT)  DIMENSICON

AnTiplanc Snicayv
—-—u=0,v=0
—wisa funthon of x, ¥, and © (N0T2)
—bx=by=0
—b2 1S @ funcnon of XY, %
Considening vhesc vequivemen'y,

du _ 23V By _
Sx“a—x=o EX\,"’W"\'-—Q—;—'O
NV
VET TS a0 ’ 22 =0
dw
Ex= w0 1= O
Z Sw o =)
B3x= % v %—2 +0 | althovgh %:o

8ya Oya
¢= g
Yax |’ Cax
- o“!
m=DE, D= G
@] G

Big equanon T e -

,,)S sefodl,, = gj SuT T dByy + 4 ] S\AT(b-—,a\Ha_ﬂw

8
Lap B2o “ao

Su=0,8v=0, 8z=F(x,y)
S¥y2

8g = , su=[s»], T=[T%]
S ¥zx

b= [b%] , W= [%]

—used \n WAVE PYopagamon n simpic media
— Wave modelin
— Nty concecned Wit shear (speatfically, outr gtplanc)

or,onti (as anhshear )
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FEA W TWO DIMENSIONS

SimMpIcsY evennent .

Congtant Siroin friang\e Cestd

congyant Stvan vy an 8\{,

vses polynovniel nTerpolamnen

U= OX+by-+ ct
v=a’x+\g'y +c’'z2

%
A — ovder nodes in The
! 2 counter-clockwlge
chrechon

— N ABKGVS , ci:EB, cPsS?3

ceNTINULN
ewement
|
i
planc
SITERS

12T U, ,10,, Uz be tne approxivnainons ot
v ot Wt ree no des . Then

NI AU YA

OX,+bYy,+C=WU,
ax, +by, + ¢ =U,y efc.
Hhevesuiting interpolamen s of e foronm

U= N OGYI U+ N2 OG Y)Y Uz g (v Yug

WNEYE N, Ny, N3 are nedal nterpolanon funcnons
Interpolanen funcnons SansHy:

Ny (x, )V() =)
N, (X2,¥2)= 0O

N, (X3:¥3)=0 elc, for all 4nhvee fuyncnons

owWing, = O=x2 )~V ) = Cy-vaXX3—%2)

1

K Cx."xi)(\/?,-"\/z\ = (v, =) x3-%X2)

— \iroauces possimihviy of dwviding by 2evg

— sign of value g ympoyrant
what does denominaior mMean .

3

so,

(=% 2)¥2=V2) = Uy, = V2 )%z = %2)

Xy = Xg o X3=Xa

21 = 12a= Vi
Vi =Yz e

N 3D gpace, ovid have O LNt at borrorm

— —
21 % 22 = deNbm ., wn 2-diwrecnon

[X (\’a—-yl)—— Y (Xs‘)(l) ~ X2 Y& -+ X%’L’*\/LXB T \Ifyl_]
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EQUATIONS FOR 2D

TrieNgic evemment
Interpolatrion Ffunchnons

ol

2

Encountiers prowviems whnen'
— A8 O (ponts on avwac)
— A S neganve (nodeg ordered ncorrectiy)

in motri x form -

Ny
Ex
=112y =
Yy
S£=8. 30

Nib= J.LA' [‘X (y2-V3) =y (X2~ %3) X2y, —-"3\/7_]

ns gk [ XOBW -y Oe-x s vy ks ]

Ng = _'PT [ X (VN =V ) = Y (=) + %y, - x;\/.]

W
T v
N, O Nay O :
Uz
(o] Mg i@ N3 v
N U3
Vs
u
aN
Yax 0 MYy 0 Ny 0
2N
o Mpy o Moy 0 Yoy
MNijay  TMox Mefy PNy Mooy N3 Jax
o | YV [ Bt [ 4am e
CRAETN 3y 2k

£=B'dBR-A = BT (dA-DYR

thickness
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TWO-Din . FORMULAT\ON S

constant Sircun Ty angie

3
:) for nom\ocrmg
; Singie element Cormty \ouT\Cn Ao P.V.W.:
2 N ]U
L. = = T S A
dj se'od = suT| | B’ (dD)Bd
= BT [BT (d-A-DYB | WU
Hekness (6SSomIngThas D1 CONTNaNT p)
Recan -
= BU=NSU
- U=NW
= £= B
- O=D¢g

Tracmens —generadly funcnens of locaenons on the beundary

aly
Ty d YB SUuT Tdp = 8UT SBNd.TdB
consider The simple case of ymfermaty - disiributed boundesy
lood, te., Ty ond Ty are conSiont along B
> T
T B
sur f,n'a o |d®
Y
constant
e assumingthat B \g)
= = Hhe s1de 2%0f e
= 3U 3
SzaN-z.G\ Tw do3
yndeTy da3
[13 N3 8Txd23
jzzNngYdBJ
simph fyng,
d
| Rz T 5 deTXd23=%—-\'\_rb'd'T)‘ e EL25—T)<
23
L yp_; NpSTydys =5 d Laa Ty
i OW tump forces holfand el €
TO Q¥ e nodel \nvowed,
X
d
= S\XT E"Lza T\,
T)‘
-TY B
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TWO- DIME NSION AL FORNWW LATONS

conSTGnt Srrain Tridangic
After assembly of element contribun ong, the equanong become:

KU =P

assembly of lcads dueto bedy fovce
densiTies anad beounad oy AOENG 0L

assemb\\j of Ke for
a\l elements
Apply SUPpOrt condMONS by o method ydentcal
+o \n one divnengion
After COMPUTING T, PYOCTSS fne eicmenis one o oeimne by
2 exwac*r\nﬁ T nedal displotemenys
olsccioXed with e exement e
— colouioxe Fhe STrain componenis
(consIGNT 1a 4ne cSTD

ae—; E-e \J\g

— USESTronNS 1O caltv\alge SITeseS
Ce = De €
MOve e\enncnis
order of inierpo)I&on , hincar Yo quad 1o .-
slement snapt ) Iviangle o quodin laderal . ..
4
U=axy tox*Cy+d erc
DOES NOT WORK




Ce 228\R: FINITE

\| ociooer Ob

Engineer's Computation Pad

No. 937 811E

@ STAEDTLER®

TWO or THREE DiMENSIONS

Four Sided eementg
4

* gee anAows for mave deyan\ g

Fo connecy to oNoOTEr e\emeEnt ;, ZWnes oxe Shaved

So, NTerpoianon foncnaons of nodes oTner g
Fosc wvoived mugt be 2e¢atnyovgn
enmive hne

EQUONCNY 1 S0We .

A+ ¥,y ¥ AiXay, =\

congldenng a\l ncdes
a\+\olx3-\—c_\\l3'\'d\x3\{3=0 9

O ¥y X a £ C Xax S XaYy=0O

Coniy way AE workd \S WAAn Yecrangie evemcn\s
eAMGNE A W Hne X,y ax\S
Fuvther eguaTicns
N | [T

N, an, dZ AN, 3 ) - T Ny
_— T —— et B 22 22 2% 2%
X = 25 dx O % -
dNy_ N 32 2N, 2n = LA =
>y - 23 3y 5 oY an an an 2y

X=INxi , y= 2NGVL Jacobran medv iy,

VO FEA coltRiamMony

% AN
in modnx form, = s R
N —i 9N i
oy U o Sl oy
8)‘:\} k 321“— _B—Fl— Z 1L X
n, nversc of )
ok N _a N Y _ g B
RBCOT OD PRos L 22 "2 55 Vi, pn- < om T
9x Yy @X Y
et (D= — - — I—
2 3 22 ann 21N 3%

often refevred 0 o e Jacooian,

gven ncuown TS the aeternvunany

<
zdn

= | deyx ()

t et derivoinves , lout

Creo, Vo vOovnc, \Cﬁ%’\'\'ﬂ
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o)

e
e

=
h=

?@fynoms‘a:{ iﬂ‘ﬁ@?ﬁ&féﬁiiﬁh aﬁﬁix Ao Quad’m’f@fﬁrﬁf

Accume z”ﬁxﬁ'f mo i”?ireé of A4 nodes are on the Same

line. Continuet fdia gﬁéé%@ﬁfs acress interelewmeny
égm#}@{ai‘t@.g (&{éw-@m% sidjisj é’&xyerég ‘%ﬁﬁ'ﬁl own é‘kﬁ‘\\; 3;6’56
the displacements be f@m&f‘w“ of onl ‘t‘ﬁ-& nodes on'
Hoat cide. Let us set whether 48is Feguirement
cah be S‘mﬁssftﬁcﬁ (VThs 3PN pmyh&maf fnterpefatien

?"g-& H
of Sforma éﬁ- !\5' (x, v} A (:)
vgs

Where: e d \ A
N;(x,y) = %-*é*?i'ﬁi'?*’ s XY (1=1,..,%) (2]

CO?\SLO{(’,?‘ ong a)C H%ese no&’(é\{ Mferpgllo\‘fﬁan ﬁ&acg"i@ﬁ/ Say,
and recall Hhat it SatisFiec:

Ny (%0,9,)=41, N (’%Z'VJ-:M fxslbf’g%*f‘ff (%4, %)= 0 (3)

T+ can be shown +hat dy #0 (éy contradiction: Ay =0
tmplies that 2,3 and 4 mnﬁ on Th€ same fzmé} f\!’ow’
CahSée’i-@?’" the s.e.?,m@vi 2% and evaluate N, at z, 3
and He middle of t+he 5’@,?!4«‘@5’1%

a,+ 8 é’ ¥z +¢ €1 Y3 + ”{e ?63}'3 =0 (4)
—~

e T g

a é ?Ca*!"«?f; ¢, m a, ‘?aﬂfs Yz‘*‘}" ¢)
(a+ ™ =2+ z ) bed

N, at mdﬁ({e J‘% a;
?2.5&5’@‘*@ +he f&v-era?e of (“’f&\\* and C%j we fm

U +b, B3 o Yoty | o XV xsls - O (5)

The centintity reguive @-é» P&§€W£@f to above twplies
thet N at *f“a-@:L%M e o F

amicdolfie of 27 be egual +p 0
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| A]

Oz
i
pLiLh
=
sz
U
@)
nan
Sy
ns

|

S

k)
i

«2_4’?3 /
; .;.é, > + C, yz*\‘#s -;.C[f «i?{g‘.%ﬁ = 0 (é)

%uéfhacfilﬂﬁg (5‘} frena, (é) , We obtain:

o4, .“?Vz?'a‘?fs}fg?‘zj}+?§3§£ _ 0

)= 0] (sa'naa d; %‘@>

or L;::%%t/ : (’g)

Also, N@Véz{ﬁ? With Ng amaﬁxé«?méﬁ‘é; Y1 amel 12,
W @é“é’*&en . i

f‘x%,z:} (4)
ol N
o ,@ =%\ ¢ f%? (0
> ) }f%ﬁ (te)

2

Examining (7) {’é"}é,zﬁf gmw{ o) ane keeping En waind
1Re assumption that ne ‘ﬁ?’\i‘u& of Hhe nodes are on
the soume | sw% We can cenclude tHhat

% =%\ (v=va

Ye =) [ % =3 | | ay
«gﬁax% er \ﬁ;vs‘}é i }
?g”x
i

[y o 5y 3 7)o - 3 £ &
B o#4 @j, #He possibilities (1) (wmply FHhat e
émadrvb,@fﬁr&f 18 o ra@m&maf»e &fg?ﬁéﬁi W)
Al % and y LS for L’xawm’é

} 2
?\ S 3 .. Q‘Z
’ ; t s
,im_g | : y , ere. fz)
: ff | M"f;

fz-z.s e e@m‘%i#’sr&é‘ﬁy
ﬂf’“" Can énél S’é?w@ﬁ

Tndczégi, Zi“%r é‘:w*é?
bif?“ézﬂi-éﬁ&r ée Ky

i%ﬁi‘ féé fa@*’@f fﬂfrﬁk
t};ﬁﬂ ;S‘;G'&t j’géé’( @p& (¢
eV g%aéé Can o #"%ﬁ&
g § 4
N, (%,3) = 22 %) (y-v) (13)
{?iia?% {?g‘“?‘fg}

&
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N«% {‘?f;}} = ("35‘?69,}‘@& ‘é’%}\
| (Y2 %) (VY

Na(oy) « L2220 (3-0) 5
R e (15)

Ny(ry) o« (2-%) (o) (te)

Computation Pad

FA A S " -
W {?iz;,‘ }@z; {?g‘“‘}f&}
oy Lt s strad ?,,é tferware Yo chech Fhal He continu ity
= réguw croment s sféﬁféﬁ;jﬁﬁs{ . For exawms! e, N, Je .
1= : g ; ® i,
Z i 2gual o O @t adl pornts en segments’y

R @ a & . - 3 &aﬂd— g%&i’
Similar cbgservalions can b made Jur Ny, Ny ane Ny,

Ar—[b;%rﬁr}, ﬁ&d!‘[!&%ﬁf&fﬁ can LQ «z{‘éi’€/ai&e«5€ Ly
means of wmapping ont0 A Sguare in encther dowain,

IEDTLER®

Using a rectangul/ar coordinate sySteuw , say, (g

Sh @ . + : . > # Ey‘# é ? /
E;l the interpoladion Functions can be faken as polynemials
;\ 1A Terms of E} 4? .

7 ){\ / |
- 2 |
1’ %ﬁw R —

g o

o = s ‘\(/ ISﬂF&FEﬁm{:}‘V?

3 .
Qb{&;{r V/ateral
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ISOPARMAMETRIC ELEMENTS

guerview (coren op
X =poynONILaL () 3 1 3N
y=powoomiod (4,3, n, 3D ! I—=X easy
N gencyad; Solunion for Z,1L v Terms ot X—=3% \esS easy

X,y 'S ot pesSilole (exPWCiiiy)

x = ZNi(3 )% Sievefly = SN, W) Ui
y = N2, NV v=2NI(%Z, v,
/ 2=\
~ \4/ I
K
BES
=i\
ba %Y ~n
= U= ugNz+UaNz
]
4
/ |2
Z=-\ ==

OoﬂS\der\r\a a quadriiaterol

&
" 3 —1<£2<)
_\-’:&<l
7,1 - 4
\ A N (3 ) =74 (1-2)0-)

N (3,n) =4 (1+30-r0
= Va4 (1+20+ )
4= 74 (1-2)0+)
ch\: ox\ca\cs veNneen NOACs ol¢ as \orge
as poggible. Smaoll odngles = vad
— rectongies | equitaxeral mangies
ore —the lest

Devivesnves

e aN\ 28 |, SNt
i az €53 an'é > 3¢
o am, : am
J 2 az & 2
2u
T e = .5_)(‘ = aN\ (ZJVL}M\
— &= 3 — a(\“ (3,7OVi

—¥xy =2 (3w +2 T2 (3,00
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ISOPARAMETR|C BLEMENTS

PoTTing modviCes 1o equonons (Flipyhat)

2Ni G

ax 2%

N >

J

BUT,

QD
=
-

)

2 3

J—\ —-

29
X

29

?

3N
3z

EANS
an

— 4he probiem \S TnaT wedon 't

Know those derivanves exphicitly

DX 2y

75 27 ax

oy
an

2

1
= aetr())

sl2

<2
3%

(7,n) —= (x.V)xpLhLaiTS

(x,y) —= (z,) POt expliany

~2x
23

2% 3y ox 2Y
3% ) Se¥CI=T3 50 7 5 93
an

all entries inJ™' are, in general,
rofional funchions of 3,

poty NOMIcd

pon/normcq

X 2y
(x+%Ler,\/+and‘O (x+%d%,y+%ai\

Sl Siretched dr\w\r\S

MappINg alkAo X,y
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QUADRILATERAL BLENS

MeppIng beTween coordinotes

n
A ()(4' / &Y\, !-\' dm)
4 5 4
B &
a3z : 2y
>3 (Hg;:d%\w*gv_o‘%)
t
i 2.
y !
parent domnGin -T—-—-x 2
physycal dotnoun©
fre ono-Pped parclieiegrann:
2% n o e
a1 -
2¥dn /
IS i L
/ %di
2y
2% z
WwWe WONT dhe GrCcA .
X
9% di = an
o8 o
= ¥ | 2an d% L dn- orL
i 5 Y 47 an
o . o
0dd d 30
10 wnew de hir d
Arnsion
2X 28 3y ax
= |5 m” 53 o |9dtan
LP eqgued to detr (d)
- area of L"’
det ()=
l \ area 6% V4

deferminant will e positive, uniess quadr leltral
'S peovly) formed (detincd vockwoxas 2 )
3 2

0eT so geoa .

d%
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QUAPRL. E\EMENTS

EqLONONS ond calCOINONS

KE= J RTOB d e =
e

) o
KQ:j ( J [ 8"o@ et (2

i |
T ——
dj J‘}‘?DB e

area Lo
dzdn

—1 =

or, dex ()

vsvally consioNt
conTains derivomves ik
of N{ LN cespect SO

%,y (n generod jrenoenal

fURCTIONS LU ded ()
HANe AENGAMNGCTTE D

]2=ac i 3 2t

T = numMer ofF niegranocn pys.

withyespeet ‘o 2

coﬁ'\’\hun’\g ”

J 35
k= d S 2

e =\ =)

NumMericod m*res-(oa"\o"\

L“F(ﬂdi

Aoty

1N general, n. point

GOUSS ANYEgrahon

provides 2 ovdor
accuvacy ( accovore
for poiynmomicde up
o 2n-1)

wegng 8 ot
INTEGrom O

[BTDB dei’(\\)] 3=zl WLWG

n=n;

Frapezoeidold ruie -
| Wy W,
j_l\:(%)dg TSRS
twe\gm VOAVES , MLSY
add o tofTal \ength
" secend  ordtr accovoxe”

S\ympacn'g rule

S_‘\ FODAT X 3F (D~ TR+ 5 PO
ree - povay Sormuolee
Sooran - arder oCLUYORT — op To cub\e
Pelynoraiald fonomnons wvt will
be esiimodca occuraXely

Gauss-regendyre

— ONE ponT S_, F(Da3x 4.¢(0)

2nd -ovdey ccew raeN

-_— Twoe ?c:\r\*r

[ rdaz= a1 ¢ () +2e ()
— Three poynyg’

J_iF(%)d =%F(“/§: ).+%F(03+-§—(VF§>

Si¥h- order accuracy !
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QUADRAT\C ELEMENTS

Co\culianoNS ond equacnonNy
Typrcally ,the 10coneons of 1ne INY1egrefon pOiNntg Ginad Hne correspending
weig\ils are seiecread fromn Ane Gauss - Legendye @uod Yoo Qo\r‘n\\\j

alp .
Ke= 2 [BT(d-Wip'de‘\‘(J)'D) B]
1p=1 =235
=11p
AL
) ~1
2] % X |4 2‘_ /5 P) e /J_5—
% it e grahnon v i
i % » 3 po\h‘f
| i i
2 \ 2
> 2. \
i 2 2
Oiner quadr\lCde\’a«\S
4-node 9.n0de
! » .
1,3,h,30 1L2,0,3L, 220, 3

n*, 3% #n’

LOGYONGIaN \nterpololon FUNCNONS in each of ¥he 2,n direchonsg

! 7 3 \

o - =3 N(3)=332(-V)

Z=-\ 3=0 Za) X = __ onC Alraengioncd
aled5n=g eav aumons

N3(2)=32(2+1D

TO qey Ps in 2-or 3-D,

node | 3 n N fm
I | o oN (BN £ 0 4 3
2 3 bl N3 (2N, D
3 3 3 & 9 o -~
4- l 2
5 2 U N (3 NG (R L e &
w3 | 2 ’
T 9 3
b0
g i Z t 5 2
9 | 2 | 2 N3N 1 node 3 onrciing

N e 3. dveenon
ex. Ng= (1-32)(1—-n?)
"pobble" funChnon over
e puoews gauare
9 1% e Nty ONE Wit N7 —= NO. BT € Node D weve notT
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AXISYMMETRIC ANALYSIS
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2as\C elerment . 4.node terrahedyvon

4
U, V= 0a+bx+cey+dz

inTerpoiamon funenons (o onentive facet )
Node =1\ , Face 234=0

')(5—)(7_ Xa— ¥z
NaiYer | X ANy Resu\t: vector peroT\ng
Ta- Fa— %y OLVY OF e plane 224
(2xaceo)
XK= %Kg
NN hewgny
2-2, 280 = bV
v=Y2h34 -1
A X B . ¢
N = »
X 4- A2
AXB
Ya—Y>
Za—2

I

except 4S8, not 4e
Map onto Triangie in parent demaoin

E a
i
4 =
e N = Z
A0 B 1 Na= Nz -2 v
Na= 1917
N =
4 ] i
X= 2 Nixi oy, 1
u=ENii oy w
3x 2Y 9T
2z 92 7%
=] 2x N 3T det (4D controig CelGMOnL NP perween
STil I T
parenty onad prnysical Aemaing
gy  [PY 1 2e
23 92 922

5 BTDR 4l = 5 eToBdet(3)d &
Pl
&

parem




CE3BIR" FINITE

o ocvover Ok

55

Engineer's Computation Pad

No. 937 811E

@ STAEDTLER®
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