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CE 381P CoMPUTER METHODS IN STRUCTURAL ANALYSIS
Spring 2007

Course Purpose:

CE 381P focuses on computing the response of structural frames and trusses. This class will extend
many of the concepts treated in courses on matrix methods of analysis by developing a general frame-
work for analyzing complicated structural systems. A significant portion of the course will focus on com-
puting the response of structures accounting for nonlinear effects.

Course Objectives:

By the end of the course, you should be able to do the following:

« Derive stiffness/flexibility relations for structural members using virtual work principles.

o Use and/or develop structural analysis software to analyze complicated structural systems.
e Interpret the output from computer-based analyses for the purpose of structural design.

e Determine the critical load of structural systems.

« Compute the load-deformation behavior of a structure accounting for nonlinear effects.

Topics:
Introduction: Review of basic concepts and matrix methods of structural analysis
Virtual Work Principles in Structural Analysis

Review of the Principle of Virtual Displacements and Virtual Forces

Stiffness Relationships for Prismatic and Non-prismatic Members

Matrix Form of Compatibility and Equilibrium

Stiffness Method of Analysis

Flexibility Method of Analysis

Flexibility/Stiffness Transformations
Large Displacement Behavior of Structures

Overview of Structural Stability

Snap-through and Bifurcation

Linearized Buckling and Eigenvalue Problems

Nonlinear Solution Methods: Newton-Raphson, Euler, and Arc-Length Methods (Time Permitting)
Fundamentals of Plasticity Theory (Time Permitting)

Stiffness Matrix Formulation Including Inelasticity

Computational aspects of plastic hinge analysis for frame members

Text (recommended):

McGuire, W., Gallagher, R. H., and Ziemian, R. D. (2000). Matrix Structural Analysis: Second Edition.
John Wiley & Sons, Inc., New York.
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Other References

Kassimali, A. (1999). Matrix Analysis of Structures. Brooks/Cole Publishing Company, Pacific Grove,
CA.

Hibbeler, R. C. (2008). Structural Analysis, Sixth Edition. Prentice Hall, Upper Saddle River, Nd.
Sennet, R. E. (1994). Matrix Analysis of Structures. Waveland Press, Inc. Prospect Heights, IL.
Crisfield, M. A. (1991). Non-Linear Finite Element Analysis of Solids and Structures, Vol. 1. John Wiley
& Sons, Inc., New York.

Levy, R. and Spillers, W. R. (1995). Analysis of Geometrically Nonlinear Structures. Chapman & Hall,
New York.

Przemienieki, J. S. (1985). Theory of Matrix Structural Analysis. Dover Publications, Inc., New York.
(Originally published by McGraw Hill Book Company in 1968).

Strang, W. G. (1980). Linear Algebra and its Applications, Second Edition. Academic Press, New York.

Course Websites:

A website for the course can be found at the following URL:
http: | |www.ce.utexas.edu [ prof/ williamson /ce381p /

This site contains information about reading assignments from the recommended text, a student ver-
sion of SAP2000 that you can download to your own computer, and other useful information. In addi-
tion, copies of handouts, MATHCAD worksheets, and information will be maintained using Blackboard.
You are encouraged to check these websites regularly for updates and announcements.

Office Hours:
MWF 9:15 - 10:30 AM

Office: ECJ 4.722
Phone: 475-6175
email: ewilliamson@mail.utexas.edu

*Note: I maintain an “open door” policy outside of regularly scheduled office hours. If the door to my
office is open, please feel free to stop in.

Prerequisites:

Students enrolled in the course are expected to have had an advanced undergraduate course in
structural analysis, be able to compute the response of frame and truss structures using the stiffness
method and the flexibility method, be familiar with basic concepts in linear algebra and differential
equations, and be comfortable with computer programming.

Conduct of Course:

The course consists primarily of lectures, homework and group assignments, a midterm exam, and
a final examination. Attendance is essential. Homework problems are subject to the due dates stated
when distributed. Late homework (any that come in after the beginning of the period on the due date) will
receive a maximum grade of 50%. Late work will not be accepted from any student more than two times over
the course of the semester.

Grades will be computed using the following distribution: Homework and Group Assignments
(30%), Midterm exam (35%), and Final Examination (35%). The date for the midterm exam will be an-
nounced by the instructor. The final exam will be given at the time designated in the University timeta-
ble (11 May 2007, 2:00 - 5:00 PM).
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Course Evaluation:

The students will evaluate the course and the instructor on forms provided by the Measurement
and Evaluation Center.

Course Drop Dates:

From the 1st through the 4th class day, graduate students can drop or add a course on Rose or TEX.
Beginning with the 5th class day, graduate students must initiate any adds or drops in their depart-
ment. Graduate students can drop a class until the last class day with permission from the departmen-
tal Graduate Advisor and the Dean. Graduate students with GRA/TA/Grader positions or with Fellow-
ships may not drop below 9 hours in a long session.

Academic Integrity:

As engineers you will be responsible for upholding the canons of ethics for the profession. A test of
your ability to do so is to uphold the University’s Academic Honesty Policy. While I do not anticipate
problems of this nature, any instances of academic dishonesty will be dealt with immediately and se-
verely in accordance with published procedures. Students who violate University rules on scholastic
dishonesty are subject to disciplinary penalties, including the possibility of failure in the course and/or
dismissal from the University. Because such dishonesty harms the individual, all students, and the in-
tegrity of the University, policies on scholastic dishonesty will be strictly enforced. For further informa-
tion, visit the Student Judicial Services web site http://deanofstudents.utexas.edu/sjs/.

Additional Information:

Web-based, password-protected class sites will be associated with all academic coursestaught at the
University. Syllabi, handouts, assignments and other resources are types of information that may be
available within these sites. Site activities could include exchanging email, engaging in class discus-
sions and chats, and exchanging files. In addition, electronic class rosters will be a component of the
sites. Students who do not want their names included in these electronic class rosters must restrict their
directory information in the Office of the Registrar, Main Building, Room 1. For information on restrict-
ing directory information, see the Undergraduate Catalog or go to: http://www.utexas.edu/student/reg-
istrar/catalogs/gi00-01/app/appc09.html.

Conclusion:

Enjoy Computer Methods in Structural Analysis! This class will be as challenging as any you will
have at U.T. To perform well, you must study diligently as the material will build from the first lesson
through the remainder of the semester. Get off to a good start in your graduate studies - it can’t possibly
get any better than this!

The University of Texas at Austin provides, upon request, appropriate academic adjustments for quali-
fied students with disabilities. Any student with a documented disability (physical or cognitive) who
requires academic accommodations should contact the Services for Students with Disabilities area of
the Office of the Dean of Students at 471-6259 as soon as possible to request an official letter outlining
authorized accommodations. For more information, contact that Office, or TTY at 471-4641, or the Col-
lege of Engineering Director of Students with Disabilities at 471-4321.




Two kinds of boundaries:
1. Natural — deals with force conditions
2. Essential — deals with displacement restrictions
Boundary Value Problem

—;—i— (EG) Ao () = - p()

STIFFNESS-BASED ANALYSIS
Principle of Virtual Work (PVW) (or displacements)
B = strain/displacement matrix (for axial members; = H for flexural)
Relates nodal displacements to strain within the member
Conservation of virtual work

MW,y = [Ed(sya(x)ud' (x)dx = OW,,, = Pu(app)
Using various equations'\g/erlved,

L
k= [BL()E(x)A(x)B,dx ~ aial member
0

L
k= f(ﬂ")T E(x)I(x)H" dx — flexural member
0

Shape functions
Cubic, for beams:
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Axial forces:
Nx)=E-A(x)-u'(x)
FLEXIBILITY-BASED ANALYSIS
Principle of Virtual Forces
1. Choose independent and dependent variables
Must result in statically determinate, stable structure
Example: pinned structure, moments are independent
2. Establish equilibrium, writing equations for dependents using independents
Write equation for moment, force at any point along beam
M(x) = D Fg, where Fr are independent forces, D relates them to location

3. Declare virtual system to match in geometry
4. Set complimentary internal virtual work equal to complimentary external virtual work
L
1
f= _[ P e———p
o E®PX)

5. Transform to k; find ®: relates Q; (dependent variables) to Q, (independent variables)

Q1 =00,

Use O to get:
koo = f_1
k,=®f "k, = f®"
k, =of 'o"

6. Make force vector, solve



Equivalent load vectors
Generalized equation using the stiffness method:

F=[B"Ee,dV— [B'o,aV + [H"AQdV + | H p()dQ+ [H"w()dS+Y H" P+ (H'(x,))" M, + R
Vv vV 14 Q S
Generalized equation using the flexibility method:

L 1
9s0 = JD {me(x)Jfgr(x)}dx

O =—f _lq 50
In this equation, f is either I or A
Q is the distribution of bending moment over the length
g7 is the thermal strain resultant
In flexure, thermal curvature
a(x) h(x)/2
k()= [ AT-y-bdy=
I(x) =h(x)/2
In a truss, thermal axial strain
Forces found are fixed-end, so apply negatives
Find dependent forces using equations developed previously and equilibrium (® matrix)
Fixed-end forces for load and thermal effects on attached sheet

a- AT

(for linear AT)

Numerical integration
Newton-Cotes
Evenly spaced
N= 1, Ch=C = 1
N=2,co=1/3,¢c,=4/3,¢c,=1/3

Gaussian
Integration Order Station & Weight w;

1 0 2
V173 1

. 1
—+/1/3
—~3/5 5/9

3 0 8/9
J375 5/9

Will evaluate exactly to order 2n (order = number of terms)

[0 =222[1([5@) + =)

2

x(©) = fall - £)+ 1+ £)]



NONLINEAR ANALYSIS
- material behavior (yielding)
- kinematics (geometry nonlinearity)
- change of constraints / contact
Establish equilibrium in the deformed position
Graphical representations
- Solid line is stable; dashed is unstable
- Bifurcation point: intersection of two equilibrium equations
- Limit point/load: location and load at which equilibrium switches between stable and unstable
Virtual Work approach
1. Deform member
2. Add additional rotation 660
3. External work = change in height of the location of the load between original deformation and
80 position; negative for common signage
4. Internal work = moment in original deformed position times 66
Original moment is equal to k@, similar to F = kx for a linear spring
5. Set internal and external virtual works equal to each other; solve for P
Don’t cancel 6 = 0 terms, or sines; figure out what equilibrium condition they apply to
6. For stability:

4 sw, >Law,,
daé dé

Equation will be in terms of P

7. Substitute various equilibrium equations for P into inequality to determine stability

Energy-based approach

1. Select a datum from which to consider loads

2. Potential energy of the load, V = height of the load above the datum times the load (in
deformed position); positive if load is above datum

3. Internal strain energy of the spring, U = 0.5kx’, or area under M-0 curve

4. Solve for equilibrium using the derivative of the total energy (rate of change of energy)

d
——H——U 7)=0
. U+7)=

Solve for P, equilibrlum equations
5. For stability: take the second derivative of IT

2

>0
do*
Imperfections
Reference rotation to the vertical
V = PLcos@

1 2
U, =—k(6-
=5 k(0-0,)

U

trans

= %kL2 (sin 0 -sin0, )2

Follow the same steps as above for equilibrium and stability calculations



Stability in Multi-DOF systems
The partial derivative of the total energy with respect to each variable must equal zero
Hessian matrix, H(TI(x)) — matrix of partial second derivatives

02 02
Ox 212 Ox, az Xn | For stability, all eigenvalues or principal minors must be > 0
0 0

0x,0x, ox?

n

Principal minors: determinant of increasing number of terms from the top left to the bottom right

2
pa=| 2
Oox;
52 5 | etc. Number of principal minors = number of row/columns
o’ ox,ox
PM2=| "
oxox,  ox

Smallest value for P controls; PM group holding that value gives buckling mode shapes
Buckling mode shapes
1. Evaluate derivative of IT at P, values
Linearized approximations are generally acceptable at this point
2. Only shape, not magnitude, can be determined
Select a value for 6, (such as 1), find 0, in terms of it



CONTINUOUS SYSTEMS

Non-generalized systems
- Pay attention to geometry, do not assume linear response from before

- Use U, V equations as such:
1
U= 51‘3‘2 , with x being rotation/displacement, h is the height of the load above datum

V = P(h, + Ah)
- Equation for U assumes engineering strain, prismatic member, and constant E
- General equation:

U= %E g’ AL
Engineering strain says € = A / L, other strains result in different equations

Assumptions include:
- Constant E
- Prismatic member (constant A, L)
- Use original length and area in integrations
- Nonlinear geometry, but not inelasticity

Tangent Stiffness
ey = dP(w) , Where w is the displacement variable
aw

Types of strain

2 2
Engineering: ¢ = Ly =L, =2 Natural: ;= S i Green’s: g = L% 5 Dy
L, L, 2K X
7 2
Logarithmic: ¢ = n L_f Almansi: ¢ = ﬁ
g, AT

Only makes a difference in strain calculation when displacements are large, L¢ does not ~ L,




Nonlinear Stiffness Matrices T
Basic principle: W, = J'gg.g.dVO/

vol

Stiffness matrix is composed of a linear part and a geometric (nonlinear) part _
1 0 -1 0 1 0 -1 0

_E4[0 0 0 0 _FlO 1 0 -1
T L=t D 1 6" &]-1 & 1 @

0 0 0 0 0 -1 0 1
For a beam,

ky

10 0 -1 0 0
0 6/5 L/10 0 -6/5 L/10
Fl O L/10 2I2/15 0 —L/10 —I?/30
Ll=1 @ 0 1 0 0
0 —-6/5 —L/10 0 6/5 —L/10
0 L/10 —I?/30 0 —L/10 2I*/30

Evaluate for individual elements, transform and map to global DOFs
Equilibrium equation has P terms on both sides
First solving method includes iterating for P; annoying and difficult
Second solving method:
1. Apply small load—P =1, or P=P/A
2. Compute linear displacements using ki (no kg!)
3. Calculate axial forces in linear case as done in 363
4. Use calculated axial forces in kg formulations

P .
ks = z[ ], where P is axial force from 3.

ol

Increase loads by A—now P=Xor P=P
6. Assume axial forces scale by A
k(;’ = }"kG
7. Use principal minor analysis to solve for A or P



GENERAL INFO AND EQUATIONS
Map to global coordinates

K=T" k- T

in 2 ‘
SE - 8 0 , angles measured from the horizontal; matrix repeated to be 6x6

T=|-sin cos 0
0 0 1
Partitioned Matrix
Rl E WA, = Qg Rees
[koo kOljl_[q0j|:|:Q0j|_l:QoFE:l Koo e 3 e <
ko kil la o O\ E o & vua. = CUCEEH)
Modified k: o he ™ F /- =3
-1 (} (=
Koo _k01k11 klO Lol g
Modified F: A= Thw TN
=i !
Ry —kokiy Ry PRI Vs ts
Release mechanisms ke <

Used in situations such as the formation of a hinge
Ry, above, equals zero
Only tracks non-released DOF terms directly; get 3x3 stiffness matrix
Then, add row of zeros back in, repermute, map to global coordinates

B = kl_ll [Rl _kloro]

v - ¥
- Koo

Constraints
Relate one DOF to another
Use I' matrix to relate unconstrained, constrained DOFs
Wunconstrain — 1—‘uconsl:rain
kconstrain =I kunconstrainr
Symmetry
With respect to a line or a point
Symmetric loading: same values, opposite direction
Use weird roller as boundary
Antisymmetric loading: same values, same direction
Use normal roller for boundary

Extra interpolation functions
2-node axial element 3-node axial element

2
N =1-3%422) B =34 X
L L L

LZ

.
L
L L L L



Quadratic Equation

- —b+4/b* —4ac

2a

Taylor Series Expansion

_ A e
fx+Ax) = f(x)+ Ax dxx+2Ax e

With multiple values (x is a vector), take partial derivatives for each
Binomial Expansion

V1+x? ~1+lx2 —lx“...
2 8

Derivatives by Parts

% (f(0)g@) = F(x)g' ) + ' (¥)g(x)
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CE 381P Computer Methods in Structural Analysis

Midterm Exam — Spring 2007
Instructions: There are four (4) questions. Attempt to answer all of them. Turn in the exam sheet
with your exam.

1. (20%) Shown in the sketch below is a truss element of constant cross-section with one node at each end of
the member. The element has elastic modulus £ and cross-sectional area A.

—> F, U, ux) = (cosg—’cf)ul + (sin’é—?)uz

Fl} U, —>e

(a). Using the expression for the displaced shape shown in the figure and a similar expression to de-
scribe the virtual displacements, develop the 1,1 term in the stiffness matrix for the element.

(b). Based on your knowledge of the exact solution for a truss bar of constant cross-section, comment
on the appropriateness of the assumed shape functions for developing the stiffness matrix of this
element (do they violate any of the required properties for shape functions?). Indicate whether or
not you would expect accurate solutions for the response of a truss structure using the stiffness
matrix you developed.

2. (30%) The structure shown in the figure below is to be analyzed using symmetry. All members have
the same EI and are assumed to be axially rigid (i.e., EA — ). The structure is hinged at d, and
translation of the hinge is resisted by a linear spring with stiffness 4.

<CEE
QU

(a). Considering the left half of the symmetric structure, establish the appropriate loads and sup-
port conditions for the symmetric response. Develop the stiffness matrix and load vector need-
ed to compute the response. Clearly show your degree of freedom numbering convention.

(b) Repeat part (a) for the antisymmetric response.
3. (20%) Consider the flexural element with a hinge in the middle (shown in the figure below). Assume that £/ is

uniform for the element and axial effects can be ignored.

0, €/2 + €/2 0,

! R I

0, Hinge 0,
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University of Texas Department of Civil Engineering
CE 381P Instructor: E. B. Williamson

Homework 1 Due: 26 Jan 2007

The structural frame shown in the figure below consists of a truss that is supported on
two columns. All members have modulus E, cross-sectional area A, and moment of
inertia I. The frame is subjected to point loads P and H as well as a distributed load
that varies linearly over the height of the column on the left. All dimensions are
shown on the sketch.

3¢

5¢

4¢ 4¢

1. Answer the following questions about the structure shown in the figure:

(a). Is the structure statically determinate or indeterminate? If indetermi-
nate, indicate the degree of static indeterminacy.

(b). Is the structure kinematically determinate or indeterminate? If indeter-
minate, indicate the degree of kinematic indeterminacy (i.e., the number of
degrees of freedom). Account for axial and flexural deformations in comput-
ing your answer.

2. Develop the stiffness matrix and load vector for the structure. Be sure to show your
degree of freedom (DOF) and element numbering scheme on a sketch of the structure.
Shear deformations in the columns can be ignored, but you should account for axial
and flexural deformations.

3. Draw the shear force, axial force, and bending moment diagrams for the columns,
and indicate the value of the axial force in all members of the truss. Use the following
values for the system parameters:

E = 30,000 ksi I = 432in* w = 3k/ft H = 20 kips

A =9in? =4ft P = 50 kips

In order to solve the governing system of equations, you are encouraged to utilize soft-
ware such as EXCEL or MATHCAD rather than using hand-based methods.
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University of Texas Instructor: E. B. Williamson
Dept. of Civil, Arch. & Env. Eng. CE 381P

CE 381P Computer Methods in Structural Analysis

Homework 2 Due: 12 Feb 2007

The axial force member shown in the figure below has a cross-sectional area that varies
trigonometrically over the length of the member. For the following problems, assume that
the material response is linear and elastic.

A = A1+ sin( )|

1. Set up and solve the Boundary Value Problem (BVP) for the truss member shown in
the figure (i.e., determine the displacement as a function of x). The solution to the re-
sulting differential equation will require the integration of a complicated function.
Thus, you are encouraged to make use of published solutions that are widely avail-
able. A good website that shows the solution to a large number of indefinite integrals
can be found at http://www.sosmath.com/tables/tables.html.

2. Compute the flexibility coefficient.

3. Compute the stiffness coefficient.

4. Using the Principle of Virtual Displacements, approximate a solution to the prob-
lem by assuming that both the real displacements and virtual displacements vary lin-
early over the length of the member. Compute the percentage error between your
approximate solution and the exact solution determined by solving the BVP for the
displacement at the end of the bar. In addition, graph the axial force variation in the
bar and compare it to the exact solution.

5. Repeat Problem 4. but assume that both the real displacement and virtual dis-
placement vary quadratically (be sure to use a complete quadratic expression that in-
cludes a constant, linear, and quadratic term) over the length of the member.
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University of Texas . Instructor: E. B. Williamson
Dept. of Civil, Arch. & Env. Eng. CE 381P

CE 381P Computer Methods in Structural Analysis

Homework 3 Due: 21 Feb 2007

The axial member shown in Fig. 1 has a cross-sectional area that varies over its length. The
description of the cross-sectional dimensions as a function of position relative to the left
end of the member are given by the following relationships:

A@) = b) b(x)

h(x) = bo<1 - ;C—g)z

: bx) = bo<1 - sin(%))

2

[—— e

| |
| p ~ /fbg

Side View Isometric View

Fig. 1 Description of flared axial member

For this assignment, you are to compute the response of a flared truss member using virtual
work principles.
(). Use linear shape functions (i.e., use a 2-noded element) to approximate the
real and virtual displacements. The integral for the stiffness matrix should be
solved numerically using Gaussian Quadrature. You must select an appropriate
order scheme to ensure a solution with sufficient accuracy. Assume that the elastic
modulus E.is constant over the volume of the member.
(b). Repeat part (@) using quadratic shape functions (i.e., use a 3-noded element)
to approximate the real and virtual displacements.
(¢). Using truss elements that have a constant cross-section, determine how many
elements would be needed to model the member shown in Fig. 1 for acceptably
accurate results. i
(d). Assuming the left end is pinned and the right end of the bar in Fig. 1 is loaded
by a force P, plot (on the same graph) the variation in displacement over the mem-



University of Texas Instructor: E. B. Williamson
Dept. of Civil, Arch. & Env. Eng. CE 381P

ber length using the solutions obtained above. Thus, you should have three
curves, one corresponding to each case above.

(e). Using the stiffness matrix you compute in part (b), develop the global struc-
tural stiffness matrix for the structure shown in the sketch below. To complete this
exercise, you will need to determine how to represent the local element stiffness
matrix in global coordinates. Doing so will require you to constrain the motion
correctly so that only axial deformations can occur.

AR) = b)hE)
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Homework 4 Due: 2 MAR 2007

The flexural member shown in the figure below has a depth that varies linearly over the
length of the member. The width of the member & is constant. Assume that the material
response is linear and elastic.

Y k) = ho[l - 2%] T k) = ho[l - EX?]

v v
TUZ QI’L 3 01
° = q = U
l

¥y

T
&

|

r

(a).Use cubic shape functions (i.e., use a 2-noded element) to approximate the real and
virtual displacements, and develop the element stiffness matrix. The governing integrals for
each term in the stiffness matrix should be solved numerically. You may use an appropriate
order Gaussian Quadrature scheme or the built-in evaluation tool in MATHCAD.

£/2 I £/2

(b). Repeat part (@) using a 3-noded beam element, with only vertical translation as a de-
gree of freedom at the middle node, to approximate the real and virtual displacements.

(©). The beam shown in the figure below is loaded on its top surface by a force distribution
that varies linearly across the width of the section as well as along the length of the member.

Ib@

(c.1) Find an éﬁ(pression for the applied load w(x, 2).

(c.2) Find the equivalent nodal forces/moments (assume the beam is restrained
against torsion and responds as a planar member) to use for analysis by the stiffness
method. Consider the case in which the beam is modeled with two nodes and with
three nodes as indicated in part (b).
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12 6 -12 6 5
T " & m L — L L = iL
I R 17y 27 4
$ 4 =6 2
L2 L L2 L
k(EL,L) := EL b % 1 1000
er =
L L L L 0010
— T
6 2 -6 4 0100 ky(ELL) := Per -k(EI,Lz)-Per
L2 L L2 L
Considering partitioning:
k.. 1(EIL,L) := submatrix(k;(EI,L),0,2,0,2 k. .»(EL L) := submatrix(k,(EI,L),0,2,0,2
aal 1 aa2 2
k.. (EIL,L) := submatrix(k;(EI,L),3,3,0,2 ki ~(EL,L) := submatrix(k,(EI,L),3,3,0,2
bal 1 ba2 2
kyp1(ELL) = submatrix(kl (EL,L),0,2,3 ,3) K, (ELL) = submatrix(k2(EI, L),0,2,3 ,3)
EI 16EI
J
k (EL,L) := L k (ELL) := 3L
bblinvi =5 =)= ey bb2invi=" =T Loy
Solving for the new stiffness matrix:
kmOdl(EI’L) = kaal(EI’L) - kabl(EI’L)kbblan(EI’L)kbal(EI’L)
Knoda(ELL) = kyao(EL L) — kypo(EL L) Kpppiny (EL L)k 1o (EL L)
v’ -~

**Stiffness matrices now use L as total length, not element length**

192 48 ~192 64 16 —64
“B] =Bl il EI EI EI
L L2 L3 o>  31% oL’
W
B 2g 2B ' 10 g 2p g
Kmod1 (ELL) = 2 L 2 Kmod2(ELL) — 2 2
L L 3.L 3.L
192 -48 192 64 _ -16 64
2 el SLE B EI EI
L 12 L’ or> 31?2 9r?

i
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\J C

QP =

2

N\,

Qmodi (ELLP,M,) = Qu1(P) = M, Ky (EL L)-kyp o (EL L)

Qmod2(ELL:PsMp) = Qup(P) + My, Kypp (BL L) -Kyp iy (EL L)

**Load matrices now use L as total length, not element length**

Qm0d1<EI,L,P,Mp) -

Kmodful1 (ELL) = EI

-192
L3

0

Qmod2(ELL,P,Mp) -

Kempa(ELL) = EI| 3L,

i PRV,

+ T Mp
2 /
_.Mp

16 -64
— = 0
3L 9L3

4 -16
T 5 0

3L2
-16 64
—_ s
3L 9L

0 0 0

T
Kodfulp(EL L) := Per ktempZ(ELL)'Per

Kmodfull2(ELL) =

64
—EI 0

9-L3

—64

9-L

16
—EI 0

3~L2

-EI 0

.

o> 3.2
0 0
64 16
2 Sl
or? 317
16 4
Bl 2.
32 L




Modify load matrices to reflect additional line, permutations

-6
EL,L,P,M 0
Qmodl( p)o ) Mp
Q EL,L,P,M =4
Q ELL,P,M):= mod p)l —M
modfulll (EL L P Mp) : Q 11(ELL,P,M,) = 2 P
Qmodl(EI:L,P,I\/Ip)2 modfulll P X ¢
—P+—M
0 2 L P
0
QmodZ(EI’L’P’Mp)O __l..p + E'Mp
0 0
Qodful12(ELL: P, Mp) =
)™ | Quoda(ELL,P,M
( p)z Qo dﬁmz(EI,L,P,Mp) > =2 M
Qmodz(EI,L,P,Mp)l L
1
2 ™Mp
Combine the stiffness and load vectors to consider global DOFs
‘ I
77T t
4 2 v)#
C—9 e
. \-~2 1\ ? T T:L
global 1 | 3 ] -
3\0’\/‘_70;’;
SV, )
(kmodﬁllll(ELL) )1 Kmodfun1 (ELL) )

hinge(P11) = W @ )
(knoarun @0"), (noarun @)%, + (nognaa®n® )

QmodﬁJlll(EI’L’P’Mp)1

Qninge(ELP L Mp) = Qmodfu111(EI=L=P:Mp)2 + Quuodfuli2(ELL-P ’Mp)o

Global stiffness and load matrices:

12 48
—-El —EI -1
L L’ 2 M
kninge(BLL) > | _ o Qhinge(ELP,L, Mp) - .
—EI ——EI (-P) + =M
2 L P

L 9-L3
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Solve for rotation, deflection
-1
thnge(EI’ L b P’ Mp) = kh]nge(EL L) thnge(EI, P, L 5 Mp)
7 L 9 L2 8
— =M, + ——|(-P) + —M Rotation at left end
6 EI P 16 E L P
Uhinge(EL L, P, M) — ) X
___9_L__M + 25, (=P) + E-M Vertical displacement at hinge
32 E1 P 64 EI L P

Insert values for El, L, Mp

L := 160
EI:= 1000000
Mp =500

Solve for the rotation at the hinge, to use in shape function / midspan deflection calculations

qhinge(EI,L,P,Mp)l
qaz(EI,L,P,Mp) = 0

0
app(MpPELL) = Kipiny(BLL)-(-My = kpan(ELL)-qpp(ELL, P, M, ))

q (M PEIL)—>_—3+L-P
b2\t 20 1250

Use Hermitian shape functions to calculate midspan deflections

X 2 X 3 L 20
Hl(x,L) =1-3|—| +2|— Hy| =;L{—»—
L L 3 27

x2 x3 Le
H,(x,L) :=x—2?+—2 Hy| =,k | 9 —L Lo = Ly(L)
L

20 L
U ig(P) = E-qhinge(El,L,P,Mp)l + g-qbz(Mp,P,EI,L>

Umid®) = — -

16 112
3 375

u,:4(19.75309) = -0.56626 Value matches the calculated deflection
at point of hinging.

N
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Find when hinging occurs at wall; this is when the structure becomes unstable

M, (P, L) == 0.117-P-L.  Moment at the wall when the first hinge forms
M;,011(19.75309,L) — 369.77784480

M

remain == Mp = My 1(19-75309,L) Moment capacity that remains at the wall

M — 130.22215520

remain

Consider a cantilevered beam with applied load AP (all of the load goes to the lefthand beam). Calculate AP.

p
M, emain £——~-———~--~’-———~—r — E 2 M rernatr
L,(L) /

/

v
AP float,5 — 1.0852 Additional load that can be applied until second hinge occurs



Midspan Deflection

Load vs. Midspan Deflection

Second hinge
/‘ forms at wall
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LN - underneath load

o
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o
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University of Texas Instructor: E. B. Williamson
Dept. of Civil, Arch. & Env. Eng. CE 381P

Homework 5 Due: 21 MAR 2007

The propped cantilever shown in the figure below isloaded with a concentrated force of P. For
this assignment, you must develop a graph of load P versus the deflection at mid-span. In
developing the graph, you will begin by assuming the load P is equal to zero. The correspz)nd-
ing deflection, of course, is also zero. To calculate the next point on the graph, increment the
load P and determine the corresponding value of mid-span deflection. Eventually, as the load
Pisincreased, a plastic hinge will form when the moment reaches the plastic moment capac-
ity of the section M. As such, you will need to develop a new force-deformation relationship
corresponding to values of load P that are larger than the one required to cause plastic hing-

ing in the member.

le———"0

/4 3¢/4

(a). Model the structure shown in the figure using just a single beam element. Utiliz-
ing the stiffness method of analysis and the concept of equivalent nodal loads to
compute the response of the member, is it possible to determine the onset of plastic
hinging? If so, explain where plastic hinging will occur. Otherwise, suggest a strate-
gy for accounting for the onset of inelastic material behavior.

(b) Model the structure above using two beam elements — one of length €¢/4 and the
other of length 3¢/4. Develop two sets of equations to capture the response of the
structure. One set of equations will correspond to the elastic response of the ele-
ment, and the other set will correspond to the case in which the element has formed
a plastic hinge. For both sets of equations, you must form the relationship for the
stiffness matrix and the computation of the mid-span deflection as a function of
the nodal values. When forming the stiffness matrix for the case of inelastic material
response, you must use the concept of a modified element stiffness matrix in which
you know the value of moment (i.e., the plastic moment) acting at one end of the
member.

Plot the response of the structure (i.e., load versus mid-span deflection) using the following
parameters: £ = 160, EI = 1 x 10%, M, = 500, and 4P = 5. All quantities have been given
in a consistent set of units.

For discussion: How does the solution you graph compare with the “exact” solution? Is the
displacement computed at mid-span using the stiffness method the same one that you
would compute using, for example, the moment-area theorems?
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L=15£% or 180 1n
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M
- o
fMH’""z b omEna
2 2
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LV
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s %
X
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A /
4 = -
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Engineer's Computation Pad

Using rodincad o solve for §

12 0
f(b,hy,B,L) = AP
b-h,™E
170
Sub in variable values:
b= 4 L:=180
h0 = 36 E := 10000
5.18% 107/
f(b,hO,E,L) =
-7
-3.5x 10

Transtorm 1 1o k

T /

9.52x 10”

Relote 1(\d€PCi7dtrﬁ7 dependertt forceg

: =4
F, ” ok 280 M\V M My
o e m f gs F,= o
FLJ VR A ¥
e -M M2
(o ek g A
£ k. L
R, T C_Q_c
Rules fov assembling -
NG
Koo Koy )| - £ - ~
Koo= ' S o
)
K K .= i = 7
e i J Kie = <‘>§ \ kn + f ‘?




12 Apvil O

11 1 . : .
@, (L):= — Phi matrix relates independent and dependent forces

L\-1 -1

-1 -1
koo(bhgsB,L) := f{b,hg, E, L) kig(bshgsB,L) = @ (L)-f(b,hy,E,L)
2.569 x 106 9.445 x 105 1.952 x 104 1.301 x 104

kog(bsh,E,L) = kyg(b,ho, B, L) =

9.445 x lO5 1.398 x 106 -1.952 x 104 -1.301 x 104

-1 T -1 T
kop(bsho,E,L) = f{b,hg,E,L) @y (L) kp1(b,ho,B,L) = @ (L)-f(b,hy,E, L) - d (L)
1952 10% -1952 10° 180.72 -180.72
kg (b-ho B L) = 4 4 kyy(boho,B,L) = ~180.72 180.72
1301x 10" —1.301x 10 ' '

Combine each part of the matrix together into one big k matrix
2.569 x 106 9.445 x 105 1.952 x 104 -1.952 % 104
9.445 x 105 1.398 x 106 1.301 x 104 -1.301 x 104 /

k(b,hy,E,L) =
1952x 10° 1301x 10 180.72 -180.72

-1.952 x 104 -1.301 x 104 -180.72 180.72

Rearrange k matrix to reflect F1,M1,F2,M2 ordering

0100 /
0001 - i
Tliooo kperm(P-ho-B-L) = P*-k(b, h,E,L)-P
0010
(SN 4 4
- 180.72 1.952x 10 -180.72 1.301 x 10
1.952x 100 2.569x 10° -1.952x 10* 9.445x 10° o
kperm(b’ho’E’L) = o
4 4
-180.72 -1.952x 10 180.72 -1.301x 10
1.301 x 104 9.445 x 1()5 -1.301 x 104 1.398 x 106

% 1’3\\\_\5 <ic C‘HDVELL.

/3
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o © CEN P T
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8 £ Hi =2+ 2%
o g) 7
Z W
5 SEwEr s
b Bh y
LLf kK = S (H"}TET;(l" X/z1L)2 W'dx
e TIe
()]
Ll
E us»ne\x mcﬁhcad}
n
(o]
4 4
198.519 2.123 x 10 —198.519 1.451 x 10 /
2123x 10% 2733x 10° 2.123x 10* 1088 x 10° »

ksﬁff(b,ho,E,L)= A "
-198.519 -2.123x 10" 198.519  —1.451x 10

1.451x 10 1.088x 10° —1.451x 10% 1.523x 10°

Campare volves Jo K from ﬁ&x\‘miz‘mi
M od . While not e Same they're
N e ome rurﬁe :

Caleviore fixed end forces WM MMEINCAD —— /
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[ 02 3] 6 12
3 X 2
ot . ==
(Lj (L) 2 13 /
3 Hioubleprime(*> L) = 9 6x

HOME VYO

Herm(x,L) :=

\S]

X
-— 4
L

r‘le
)
(3]

State constants, equations for thermal curvature and moment distribution

AT := -100 " _1 " 1 ‘L/
=6 3 6
a = 6.5-10
X(CX’AT;hoaxaL) = AT ‘/ W(X) = (WO & Wl E) /

X
h|l-—

Calculate fixed end loads from thermal and applied loads

Jop o 2t
J 3L
F y
thermstiff = /’(
rL 3 -8.667 <
E- =2 " 6x .i.h 31X AT dx Fihermstiff = 3
| L 2112 © 3L x -1.196 x 10
L hy|1-—
J 3L

\S]
w

Fi oo 405 v’
loadstiff = L Floadstiff =

% X % 1.17 x 103
i oh == el W A W= |
L 2 L

L
/ -49.167\
Fstifftot = Floadstiff + Fthermstiff v Fstiffiot =| ¢
Solve for deflection, rotation of right end
Kstiffrot(Ps o B, L) = submatrix(kgyige(b,hg, E,L),2,3,2,3) Y4

B -0.819 [N
Astiff = kstifftot(b’ho’E’L) ‘Ftifftot Astiff = 7814x% 10~ 3 G
7. X
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. L :
© 7 + SO0°F
o - 7 5
c 5 |
§e] s
8 < [ -50°F
=
a
§
—R% AT=100°F
@© 5 o = L.SX10 °
a2 KB
& £
s 2
Z W
® - =
E Qee = - § bto
e L QP(X)
[= = X T [
a BT 410 LBl (Xﬂm
L
.
ui €, = thermaol curvotvre /
@ hx)/o /
k(%)= AT, Y-bdy , &T=-W0°F X
Tx) Jnteoy h

Fov flexvre |

Qp (X = disTribuTion of Mo ENT over e \er\%’t\n

Spn v lcad:

We wy
= _7;- j%
ful s 3 o
2
Wo L woxz Wy X7 oy
= b @i .= _‘ — =t —
m(x) 25 Mx)= — X s B

5
Wo x 2 Wy X

2 (CR

Wode %‘)LX——

Wo= /3 k/in W, = /o K)in
3

3 X
MUX) = g% = Yox? = o0 ¥

pxY= V(XY= Yabng (1- "/3\-33

contmued o modheod




CE 281P: ANKLYSIS C.HOoVELL- 1
( 8

§=) N/ i\ 01

Find applied load vector using the flexibility method:

Calculate discrete member deformations due to thermal and applied loads individually

k(x,0,b,h,,L,AT) =

L
7
Jf G 1) (x,a,b,hy, L,AT) dx // v
0 -3
dthermflex(L>b>ho) = . Snemmtio(L5 o) = 1.843 x 10 3
Jr (%)-K(x,a,b,ho,L,AT)dx 211x 107

2 3
W Wl W, -X Wl'X
b = (7(’*?)'“‘ PR

12 0

Aoadflex(E- LDy hg) = ~1.031x 10 °
oadtiex ° b.ho3,E [‘L < M(x) qloadﬂCX(E’L’b’hO): ) _3
l (—)—3 dx 1.351x 10
(=35
J 3.L
L 70 i
v

Clﬂextot(E L’b’ho) = qthermﬂex(L’b’ho) + qloadﬂex(E’L’b’ho) qﬂexmt(E L,b,ho) 8.122 x 10—_44

-7.592 x 10
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Use discrete member deformations to calculate fixed end forces (total deformation = 0)
=] 3
Q E,L,b,h.):= (-f{b,h ,E,L)) -q E,L,b,h | -1.369x 10
FEﬂex( o) ( f( 0 )) ﬂextot( 0) Qg ﬂex(E>L’b’ho) L
293.96
Calculate dependent forces using equilibrium
wol  wpL o (Mp+My) M, = E,L,b,h
Fl(wo’wl ,L,M; ,M2) = + + 1 QFEﬂex( 0)0
2 6 L
wol  wpL  (Mp+ M) M, = Q E,L,b,h
Fz(wo,wl ,L,M; ,M2) = + — 2 FEflex( 0)1
2 3 L
B
F)(Wos Wy »L,M],My) 29.026 £
M 3 /
Qq - Qtoraey =| 71369 10 -
€Xaj <
PP Fy(woo w1, L, My, My) i 45974 d
M, 293.96

To apply boundary conditions, first two rows of k, Q matrices should be removed

/s

Keex(Ds1o, L) = submatrix(kper(b,hg, E,L),2,3,2,3) S

>0

/

Qffexfinal = submatrix(Qﬂexapp, 2,3,0, O) /

-1
Aflex = kﬂex(b’ho’E’L) “~Qffexfinal

/
—0.818 n A ‘/
Aflex = 3| g

-7.821x 10 Discussion: Because the flexibility method is based on equilibrium

(which is exact), while the stiffness method requires an appropriately
assumed deflected shape, the flexibility method should be more
accurate. However, the difference in solution in both rotation and
deflection is around 0.1%, indicating the cubic shape functions
approximate the shape with excellent accuracy.

8/8



University of Texas Instructor: E. B. Williamson
Dept. of Civil, Arch. & Env. Eng. CE 381P

Homework 6 Due: 16 APR 2007

Shown in Fig. 1 below is a flexural element with a depth that varies linearly over the member length.
The width of the member, b, is constant. Numerical values for the properties of the member are
given in Fig. 1.

b)) = b,,<1 - —x—>
/ 3 b, = 36 in

| | E = 10,000 ks
N £ 1 =15 ft

Fig. 1 Tapered Flexural Member

(a). Develop the member flexibility matrix f for the element shown in Fig. 1. Assume that the
member is elastic with a constant modulus of E and that shear and axial deformations can
be ignored.

(b).Compute the element stiffness matrix k using the element flexibility matrix fand the matrix
& that relates the dependent nodal force quantities to the independent quantities.

For the next part of the homework assignment, you are to compare the response of the member
using the stiffness matrix developed in (b) with the stiffness matrix that would result for the tradi-
tional displacement-based approach in which you assume the displacement to be described by the
cubic Hermitian shape functions for a two-noded element. The loading on the member is due to a
distributed load that varies linearly over the member length (Fig. 2) as well as a temperature change
that varies linearly through the depth of the member. For this problem, assume that the top of the
member increases in temperature by 50 degrees Fahrenheit over the entire length of the beam, and
the bottom of the member is cooled by 50 degrees Fahrenheit over the entire length of the beam.

Assume that the coefficient of thermal expansion is @ = 6.5 X 107°/°F.

6 k/ft

Fig. 2 Tapered Flexural Member with Transverse Loading

(¢). Compute the fixed end forces for the member using the flexibility-based approach.

(d).Compare the tip deflection calculated using & derived from the flexibility-based approach
with that computed using a traditional displacement-based approach.

For Discussion: Which method gives a better prediction of the tip deflection? Justify your answer.
Also, comment on the appropriateness of assuming a cubic variation in displacement for the current
problem.
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2
2
1 41 5 5
TP Pelo) 5'“2{ A S sinle) - 17+ (z) }

1

L G 5 a0siele))? = Loag?
4 11(e,p,1,1) - (-P)-L-sin(6) + 5-kL22 4 sild)

de 1 /

(41 + 40-sin(9)) 2

1 1

L (41 + 40-sin(6))* = L.412 o)
P(6,L,k) = 5-kL- 4 4 cos\®

1 @n(@) Dovided Swmegr
- !

(41 + 40-sin(6)) 2

Then, assuming k, L = 1, graph P(0)

gquiltbrivm equotiong:

20T \ i |

1.5~

0.5

P(G,Lo,k)

Zero

—2!
-3 - 1

D O




0 check Stability:

-2 15
Mp(6,P,L,k) := P-L-cos(8) + l-k-L2-|: A+ 2sino) - ’12 + (3) } @
2 16 2 4 1=

1 I 1 1
) g L (41 + 40-sin(0))? - %-41 2 i %-(41 + 40-sin(0)) % - %-41 2
4 115(0,P,L,k) - (-P)-L-cos(6) + 25k ———cos(0)” - 100-k L2 2 .cos(8)” - 5.k L2 sin(6)
&0 41 + 40-sin(p) 3 1
(41 + 40-sin(6)) > (41 + 40-sin(6)) >
1 1 1 1 ;"UC LraAe at
- = = — A ) e
2 %(41 + 40-sin(6)) % - %-41 2 %-(41 + 40-sin(6)) % - %41 2 [ eacifiborion
P-L-cos(e) < 25‘k-m-cos(9)2 - 100~k-L2- 3 -cos(e)2 - 5-k-L2- 1 -sin(e) \ .‘f’)@"l‘ Frions
+ 40-sin
(41 + 40-sin(p)) > (41 + 40-sin(0)) >
(D?fi_/n,_t;jr;qt_ential. and rirﬁ{e'rnal' strra”in energies from inequality ~ afer 2 devivetlves, Anese  feime  po  longar correspod Ao ek

Pot(e ,P,L) = P-L-cos(@)

1 i 1
) i-(41 + 40-sin()) * - i-41 2 i-(41 + 40-sin(6)) % - %-41 2
Int(@ ,L,k) = 25-k-L*-cos(6)2 - 100-k-L2- -cos(@)2 - 5-k-L2- -sin(e)
41 + 40-sin(6) 3 1
(41 + 40-sin(p)) > (41 + 40-sin(p)) 2

Pot(0,P,L) — P-L

Potential energy is less than internal strain energy at

2 =Q.when P is less than 0.671KL. P
Int(O,L,k)—>4—?.k.L2 eb/W en P is less than 0.6

P able(k,L) == 0.61-k-L /

P <ok L —= stable

Ao
\ONFOF

YBMNORD

ol /S:
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[
When considering stability along the curve, use P(0) equation derived earlier f/ Corre A

1 1

%-(41 + 40-sin()) % - i.41 2 6o /
(G,L,k = 5-k-L2- _cos ./
e ) 1 sin(e)

Pot

(a1 + 40-sin(0)) >

0,L,k = Int(6,L,K)

Intcurve(

Stability occurs when the internal strain energy is larger than the potential energy from the load,

or when the following graph is positive J

Stability(8,L,k) := Intgy ye(8,L,K) = Pot ye(0,L,K) k=1
Zero:= 0 ‘ bgi=1
o
1n | l | 1
; [ e,
e -

Stability(e Ly k)‘2 ~ ]

Zero
-3 _

-5 -

—6
-3 -2 ~1 0 1 2 3

The graph changes from positive to negative at the local maximum and minimum values for P

‘T-/s )

/
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Considering the stability requirements fournd above, draw the bifurcation diagram
21T l
I
¥ i
1.5 _ ' / % =
, P
‘ | 1%
. 1 // I bifurcation % L pomnt n
P | ~ i
>
/ Pstable(e’Lo’k) \i //
| ) / 7
: Pun?tablc(e’Lo”J 0 \ —
/ ~
Zero R
/ ~
—0.51 / \_].
A i
oy
. Powy”/
\ =151 " .
P !
A4 ke oL | | I l 1
Cikow & \ _ _ _
SIADY 6 \73 2 1 0 2 3
0

"o
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c) consvder an \mperfechon 0.
2 P
& }
c \\\
Ke) é
g S a%}
= Ny \ | e
5 : . A - BATUM
= o A >
© P
N~ O
R L
c & V= PLCOSO
% 1kl
| 2
® U= = e
L S
= el
|
8 L= [(LQGSGQI + (S/aL+ LS8 ]
q 2 2 '/7—
G Le= [(Lcos,e} + (5/aL+ L8100 D ]
@&

< . 1
T = pLcost + ‘7“9 {[coszea + (S/q S\he‘,)"]l L8 Ycog”e + (/a1 sme)f[f

using L, g

4 _
49

P(Q\J:

>

[t =

=0

= [2 (S/a*®)cosd ~2c0sbSN B [=
|5

|
pLsind- 3 kY T

el bk [2(‘;/44 and)eosd — 7_:;0568\\(\9]
28108 Lg
(wriryen W/ ncoyveed SGNS,
Li- Li . mathcad
Sheed Shows Correct vers\on)




CHOVELL
7 30 Apv i o1

v/ 5y

2

Axk(G ,GO,L) = j(L-cos(G))z + (%L + L-sin(e)j2 - j(L-cos(G 0))2 + (%L + L~sin(60)j

Hii(e ,GO,P,L,k) .= P.L-cos(0) + _l_.k,LZ_(\/ﬂ + Z.sin(0) _\/j_; + ;Sin(eo)J

l.(41 + 40-sin(9)) - i‘(‘” + 40'Sin(60))2

4 1;(6,00,P,L.K) > (-P)-Lisin(6) + 5:kL* cos(6)
doe 1
(41 + 40-sin(0))
1 1
- — /
L (41 + 20-sin(6))* - l-(41 4 4o-sin(e ))2 1
P(e 0 L k) — 5L 4 4 9 .COS(e)
e 1 sin(e)
(41 + 40-sin(0)) L,:=1 >
ki=1
Assume and/or assign values to L, k, and the initial imperfection, then graph P(0) Zero:= 0
gquilibviven plot
31 | | 1
e
Pii(O,O.OI,LO,k) I
P;i(0,0.1, Lo, k)
P;i(0,- 0.1,L,,K) .
P(6,~ 0.01,L, k)
Zero
=1
-2
1L | 1 | |
-3 -3 =1 0 1 2



To find stabti Ty,

2

1. o241 5 a5
Hu(e ’QO’P’L’k) = P-L-COS(G) 4= EkL (\/— + 5-511’1(9) —\/E + E-SIn(eO)J

16

2
k-L2-|:25-cos(6)2 - (V41 + 40-sinf6) - [41+ 40~sin(eo)).[ﬂ(e)— ¥ %-sin(e)-\/fll - 40-sin(6)ﬂ

\/41 + 40-sin(0)

Hstabii(e ,GO,P,L,k) = —P-L-cos(e) +

41 + 40-sin(0)

2
2 2 - 25-cos(6) 5 . -
k-L™- 25-cos(9) - \/41 + 40-sin(9) — |41 + 40-sin|0 ) || ———— + —--sm(@)-\Ml + 40-sm(6)ﬂ
{ ( \/ ( a) \/41 + 40-sin(6) 4

P-L'cos(e) <
41 + 40-sin(6)

Define potential and internal strain-ehergies from inequality

Pot(e ,P,L) = P~L-cos(9)

k1225 cos(0)” - (Va1 + a0sinl) - [T+ 40-sin(90))~(

2 //
25_'005(9)_ + % -sin(Q)-\/mg)J:l

\/41 + 40-sin(6)

Int{6,06 ,L,k):=
n( z ) 41 + 40-sin(6

The previous equilibrium equation, =0, is no longer valid, so it is not checked

)

e

/g
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When considering stability along the curve, use P(6) equation derived earlier t/

1 1

L(a1+ 40-sin(9)); - i-(41 + 40-sin(60))5

4
8,0,,L,k) = sl

cos(e)2
curve( »Y o '

sin(e)

Pot

(41 + 40-sin(6)) >

It eyrye(65805L:k) = Int(8,6,,L,k)

curve( Yoo

Stability occurs when the internal strain energy is larger than the potential energy from the load,
or when the following graph is positive (above blue dashed line)

Stability(8,6,,L,k) := Intgye(8,04, LK) = Potgyye(6,00, LK) V' k=1
Zero:= 0 LO = 1
I T T T 1
vV
Stability(G,0.0l,Lo,k) 057
Stabinty(e ,0.1,L,, k)
Stability(e,—().l,Lo,k) .
Stabﬂity(e,— 0.01,L,, k)
Zero
-0.5 _|
i 1 | | [ |
-3 -2 -1 0 1 2 3

Again, compare plots of Pii and Stability and determine where the positive values correspond.

|0



C.HOVELL-
30Apn1 1 O

CE 3%IP: ANALYL IS

HOMEWOR k3 7

Considiering the stability requirements, draw the bifurcation diagram:

Piistablep(®> 001, L. k) |

1 \ 4
PiiunstableP(e ,0.01, Ly, k) | !

Piistablep(e ,0.1, Ly, )

P iunstableP

Piistablen(®s = 0-1, Lo, k)

PliunstableN

PiisgableN(e ,—0.01,L,k)

(6,0-1, Ly, k)

(6,—0.1,L0,k)

PiiunstabIeN(e ,=0.0L, L, k)

Zero

=2

-3 | | | | | |
=3 2 ~1 0 1 2 3

weord POINTS eXIST Whave ONK.

curye eNaNges o ool
Discussion:

In the perfect case, when the critical load is reached (P = 0.61kL), three things can happen. As more load is
added, the column can stay vertical, but it will do so unstably. [f disturbed away from the spring, the geometry will
shap through to the stable equilibrium that occurs at =n. If disturbed towards the spring, more load can pe,édded
without failure up to the point 6=1.131kL, where it will snap through to the 6==n equilibrium curve. "

When an initial imperfection exists, the response is highly dependent on the sign of that imperfection. When the

initial imperfection is towards the spring (a negative 6), the response mirrors the perfect case for negative rotations.

If the initial imperfection is away from the spring, the load reaches 0.51kL (for 6,=0.01) before becoming unstable,

snapping through to an asymptote along 6=n. For both cases, it is physically impossible for the column to deflect
away from the direction of initial imperfection. For positive 6, the negative rotation is similar to the perfect case,

except near 6=0 and 6=-n. For negative 6, all positive rotations result in an unstable system.

o
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CE 381P Computer Methods in Structural Analysis

Homework 7 Due: 30 APR 2007

Shown in the figure below is a rigid column that is restrained by an inclined spring. The
elastic spring is undeformed when 6 = 0.

P

(2). Compute the critical load for the structure.

(b).Construct the bifurcation diagram for the structure. Clearly indicate all equilibrium
paths and indicate their stability properties.

(¢). Consider the effects of an initial imperfection of an amount 6, and draw the bifurca-
tion diagram for the imperfect case.

For Discussion: Describe the response of the system at load values near the critical load.
Specifically, will the system experience “snap-through” or can it continue to carry load?
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€, b
dsidol{ 14 (X 4o Y
d= do (14 cos?8)

or,

Y
A
o
Q,
2 m ey
| I
=79
| e PRI W = B —
i
X = 40C0s©
g = osS\nd
M(X,¥)= —@,+ Q, (a~vy) + &z (X
MOY= —@, + q,a(1—2n®) + a3(4a cos®)

Thos, /

DT:.[--\ a(1-s1nH)  4acosd
D) ~ L pl
SuUUN NGy
m(®)=D'Fr |
et ]
With Fe= Q,
~ | Q'Z_
L Qs |
Determine 4he flexibihity motnix, 12
W2 D /
F= 4 e
i B ) 1exD)
V2 [’l a(\-s1nd) 4ocose] =1 ‘ .
| S
f= { a(1-s108) | R(8)d
2 E
o £ V2 bdg (1+c0s?8) ancoch |
— 8\¥% omq\f']’ermg pPtnk \S |
exoct
— S\Ne ,cesine Syiould NOT 1
be approX ivncted with
Just X, 4 — does noY .
) e 2¥emS
Mot on well ANroug™ /2 —> W /
'-“" (
"“ -‘."“-.__.,-" ¥ }
/ /N, ‘
2texins
\
',
—“77 | '..'l
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Method 1 for finding f: using Gaussian Quadrature and linear sine and cosine approximations

Define general equations for the stations and weightings of 3rd order Gauss functions v

1
X(a7b7§) = E[a(l - é) + b(1 + g):l
5
3 e
x1(a,b) = {a’b"ﬁj 1T
8 ”
Xy(a,b) = x(a,b,0) Wy 1= 3 A//
X2 (a,b) b : 5
2 = a: s | T
3 5 W3 =
9
Define D matrix, and assign a value to a for computations o
Lt
U\J‘Ul
-1 . ,\HJ'\ ws /V“J(,ﬂ’o)
D(a,G) = a-(l - sin(e)) a:=1 0 A BE™ porv
\\[\ 3 -/\D(/\‘Dr/ CcU’k’a
4'3'005(6) / ,’I‘\i‘?(’g/bku ; € ) \_{7./‘- y
/ nY - L;ﬂ/u'ﬂ) _
Using Excel, | found linear best-fit lines for sine and cosine, breaking interval [0, n/2] into two S avsi? o*
sections that were each approximately linear (see attached Excel graph). e
: r-—¢(;1f5/“”
{ N
cos1() := —0.3784-6 + 1.0548 For 0 <0 < 7/32n
0052(9) = —0.8829-0 + 1.4075 For 7/32n < 6 < /2 g hea or ‘ ,
e \
sin1(6) == 0.8377-0 + 0.0416 For 0 <6 < 5/16xn
sin2(6) := 0.287-0 + 0.5723 For 5/16x < 6 < 7/2

To make the equations smaller, the depth and radius (which vary with location) were written for each segment

dl(@) =1+ cosl(6)2 d2(8) =1+ c052(6)2

ri(e) == \/(a-cosl(e))2 + (—4-a‘sin1(6))2 2(0) := \/(a-cosz(e))z + (—4-a-sinl(6))2
r3(6) == \/ (a-0052(9))2 + (—4-a-sin2(e))2 "//




1.2

0.8

Sine, Cosine
o
(0]

0.4

0.2

Cosg , S \

COL
y =-0.3784x + 1.0548
R?=0.9593

SNl
y = 0.287x + 0.5723
R? = 0.9267

Mo T

¢ Sine
A Cos
¢ Sine2
A Cos2

=—Linear (Sine2)
= Linear (Sine)
—Linear (Cos2)
=—Linear (Cos)

sSinl
y = 0.8377x + 0.0416
R? =0.9943

cos 2
y =-0.8829x + 1.4075
R? = 0.9964

0.8
Theta

1.8

PR AC B 4
.4 0 c0X N T = Doy TS OF
¥ i - )
VWL, COSINUL_ GYopvS avy | O, /2 1.
Use in futuye COlc U\ oioNns

»)

LO “‘91“’ | A d(:;)

Ay N NBE 3D

“'_3 \S

ol

ANOHD



ct

—

o)

817 ANALYS

BONUS HOMEWORK

C.Hove L

T N\
Spv \nq O

3rd Order Gaussian Quadrature approximates the function f(x) on the interval [a, b] using:

b ,
J f(x) dx = %.(wl-f(xl) + w2~f(x2) + W3'f(X3)) (/

a

The weights and statitions (w and x values) are given above. Because the sine and cosine
functions are approximated with two equations (and three different combinations), the following

f(x) functions are needed.

F11,(6) = —Qillf--rl(e) F12,(6) := 1a{1 _'““1(9))-r1(e) F13,(6) :
a1e)’ aie)’
F115(6) = anﬂ@) anw:(A)BO—mmwﬁhiw m%@»:tﬁﬁﬁﬁﬁﬁﬁﬁ@)
a2(0)’ a2(6)’
F12,(6) = -1){a-(1 = sin2(6))] 3(6)

a2(e)’*

(6) _ [a.(l - sinl(e)):lz.rl(e)

F221 F231(6) . a-(l - sin](e))-4-a'cosl(6) ~r1(9)
d1(e)’ d1(e)’

F222(9) . [a-(l - Sinl(e))jz_rz(e) F232(9) = a'(l - Sinl(e))-4-a-cos2(e) -rZ(G)
a2(0)° @)

£22,(6) = [a-(1 - sin2(6))]2.r3(e) F235(6) = a-(1 - sin2(0))-4-a-cos2(8) (0)
(o)’ a2(e)’

F33,(6) = E'—‘33951@2131-1(6)

a1(e)’
33, (o) = oo (o)

a2(0)’

a1(e)?

a2(e)’

The numbering scheme for each function refers to the location in the f matrix and the linear

approximation number. P

v

) _ (—l)-4-a-cosl(9) 1(9)

/
/
/
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Because the flexibility matrix is symmetric, only six unique values must be calculated \/

Tn 7 T Tn
—| wi-F117| x{| 0,— | | + Wn-F11¢| X5| O,— | | + W2 -F114| x2| 0,—
64 ( : 1( 1( 32) ? 1( 2( 32)) : 1( 3( 32» Vi

y
In n w n w n w v
— | wi-Fllg| xq| —, = || + Wy'Fllg| x5| —,— | | + W -Fll5| X3| —,—

T T T
Tn 5m 7 57 7n 5m
| W1-F125| Xq| —,— | | + Wy-F125| X5| —,— | | + W1 -F125| x3| —,—
[ ! 2( 1(32 16D 2 2( 2(32 16)) 3 2( 3(32 16))) /
3n Stom 5n (57 =w
f127 := —| w1 -F12;| x1| —,— | | + Wy-F12;| Xy| —,— | | + Wa-F124| X3| —,—

T T T T
f13; = —| w1-F13{| x1| 0,— | | + W5-F131| x5| 0,— | | + W2-F13;| x2| 0,—

on n © n © T ©
fl134 := —- ‘F133| x| —,— | | + Wy-F133| x5| —,— | | + W -F133| x4| —,—

Tn Tn n
32 32 32
Tm S5m Tn 57 Tn 5w
Wy F225 | X9l —,— | | + Wy F225| Xy| — ,— | | + W1 F225| X3| —,—
( ! 2( 1(32 16)) 2 2( 2(32 IGD 3 2( 3(32 16))
3n Stow Stom St w
227 = — | Wi -F222| x| —,— | | + W' F224| 5| —,— | | + Wa-F22a| X3| —,—

fl1

I

ﬂlz

ﬂ21 =

[ N
A~ |13

o}
N
)
I
oxlw
2la

§]
(\S]
1
1l
o~\|\1
2|

f222 =

o | W
M1 a
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T T T Tn
23, = —| w-F23;| x;| 0,— | | + Wy F23| X5| 0,— | | + W4-F23;| x4| 0,—
3n 7n 5w n 5w Tn 5m
235 := — | W -F23,5| Xq| —,— | | + Wy F235| Xy| —,— | | + Wa-F235| x4| —,—
27 64 ( 1 2( 1(32 16]) 2 2( 2(32 16)) 3 2( 3(32 16D) ~
3n St om St w Snom
235 = —| Wy -F232| Xq| —,— | | + Wy F232| X5| —,— | | + W -F234| Xo| —,—
37 3 ( ! 3( 1(16 ZD 2 ’( 2(16 ZD 3 3( 3(16 ZjD

7n 7 n n v
337 := —| wy-F33;| x;| 0,— | | + W»-F33:| x| 0,— | | + W1-F33:| x2| 0,—
1 64 ( ! 1( 1( 32) 2 1( 2( 32D 3 1( 3( 32)))
9 nt = n = n =
335 := — | w;-F33,| X¢| —,— | | + Wy F332| Xo| —,— | | + Wa-F333| x2| —,—

a

fi1 fi2 fi3 2262 —0273 3.234) T |

P 3 v
iy = | fiz f22 B3 fyp =1 0273 0.1 0.745 L}{;F’/V oW
N e
fi3 B3 fi3 3234 0745 6977 | S‘}Q,VL{'
i,’) ui(‘ ’ 4
b o
" b*v"/ -
ot
Consider the influence of a, as well as other constants (L, b, etc): epi'*
b\} 2262 -0.273-a —-3.234-a

a 2 2
fﬁnal(E,a,Io) = -0273-a 0.1-a” 0.745-a
(6]

-3.234-a 0.745-3.2 6.977-a2

/o
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Method 2 for finding f: using Mathcad functions
Using:
v
=7 ‘
D(a,e) ->|1- sin(@) a=1 r(e ,a) = \/(a-cos(e))z + (—4-a-sin(9))2
4-cos(9)
- ] ] _
2 fr—
D(a,0) 2 D(a,6)D(a,0); 2 D(a,0)y:D(a,6)
rw—)Ae a | —OaTr(G,a)de Q_a_f.r(e,a)de
J (1 + cos(e) ) J (1 + 005(9)2) (1 + cos(e)z)
0 0 70
n T n »‘//
2 p(a,0);-D(a,0)y F (D(a,6)1)2 2 D(a,6);-D(a,6),
B = | {6,2) do ———"7 .{6,a) d0 — " "~.{0,a) a0
2 ‘ 2 & 2 3
J (1 + cos(e) ) (1 + cos(e) ) (1 + cos(e) )
0 0 70
m m fl
9 2 2 2
D(a,6)-Dl(a,6 FD ,6)2D(a,6) D(a,6)
F (a 7-Dla jom(e,a) 4 (az—a}l,r(e’a) do I (a—z)S-r(e,a) de
(1 + cos(e)z) J (1 + 005(6)2) J (1 + 005(6)2)
70 0 0 |
b2) . L ; »
N 2228 -0265a -3.1682) -
fupp = | 0265 0.099 0.736 Finala(E-21,) = LI ~0.265-a 0.099-a> 0.736:a°
o
ALEE LG mh 3.168a 0.736.a° 6.886-a°
For comparison, calculate the error between Methods 1 and 2: -
To demonstrate,
(f <1>) £
M2 1 22
Errorys := |——————-100
2 . 2 22 (D
F M-r{@ ,)d0 =009 VS. f),=01 (sz )1
J (1 + cos(e)z) E =1.403
0 rrorzz— d
1.523 3.392 2.083
Error=| 3.392 1403 1.15 Not too bad, considering linear approximations were not

2083 1.15 1.318 perfect, with R2 values as low as 0.9267 V/
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Linearly varying thermal forces in flexibility analyses have the form:

l .
T o-AT “
Athermal = P - q
o |
2 1 /
-1)- {6,a) do
1+ cos(@)2
0
T
¢ 1
Afotherm(®) = [a-(l = sin(e))]-—-r(e ,a) do /
2
1+ cos(e)
0
T
2 1
| (4-a-005(9))-—5~r(6,a)de
J 1+ cos(e)
L 70 J
o
=1 v
Qind(® = fv2  dfotherm(®
~S o-AT-E-1,
de(a) =1 3.199 —_—
a-dO
0.113

From independent forces, calculate dependent forces using the ¢ matrix

-1 a 4a
phi(a):=| 0 -1 0
0 0 -1

/
Qgep(a) = phi(a)-Qjpq(a) 7

4.592
Qep(@) =| ~3.199
~0.113

Combining forces:

- -0.94-a

<) 3.199

0.113 oc-AT-E-IO
4.592-a a-d

-3.199

-0.113

Q(a):

0o
o>
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Dept. of Civil, Arch. & Env. Eng. CE 381P

CE 381P Computer Methods in Structural Analysis

Homework (BONUS)

The Principle of Virtual Forces can be used to develop the flexibility matrix for a general
line element. For this exercise, you will be considering the response of a non-prismatic,
elliptical ring beam. The dimensions of the ellipse are such that the major axis istwice the
length of the minor axis (Fig. 1). *x
(@). Using the force quantities @,, @,, and @, shown in Fig. 1, establish the equi-
librium relationship for the elliptical beam. The parametric equation that de-
scribes the ellipse is given as

= 4qa cosf

y = asinf

a Qs - \)M@

4a

Fig. 1 Description of elliptical ring beam

Assume that the material modulus £ is uniform over the length of the beam, axial
and shear deformations can be ignored, and curved beam theory need not be
considered. The width of the elliptical beam, b, is constant over the length, but the
depth of the beam varies according to the expression

d(x) = d0[1 + (ﬁ)ZJ

(b). Use numerical integration to compute values for the terms in the flexibility
matrix.

(¢). Assuming that the elliptical beam is subjected to a thermal gradient of AT that
acts uniformly over the length of the element, varies linearly through the depth,
and gives rise to positive curvature, compute the equivalent nodal forces to use
for analysis. Assume that the coefficient of thermal expansion is a.
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PRINCIPLE OF VIRTUAL DISPLACEMENTS

Observation: For a deformable structure in equilibrium under the action
of a system of applied forces, the external virtual work due to an admissible
virtual displaced is equal to the internal virtual work due to the samevirtual

displacements.

The above observation by itselfis not all that useful. If we happened to be lucky enough
to know the stress distribution required to satisfy equilibrium for a problem we wanted to
solve, then we could select virtual displacements at random and demonstrate that internal
virtual work always balanced external virtual work. Usually, we are not given the stress
distribution; rather, we are trying to find it. What the principle of virtual work does is to
reverse the observation to say if the external virtual work is equal to the internal virtual
work for all admissible virtual displacements, then the system is in equilibrium. The subtle
swapping of the word “any” for the word “all” is not a trivial operation.

According to the principle of virtual work, if we satisfy the virtual work equation
oW, = oW, (1

for all admissible virtual displacement functions, then the equilibrium equations are auto-
matically satisfied. In other words, we have managed to swap a differential equation for
an integral equation. We call the integral equation the weak form of the differential equa-
tion. Here is the catch. The strong form and the weak form are only identically equivalent
if the weak form is really satisfied for g/l choices of the virtual displacement function z(x).
Because u(x) is a continuous function, there are an infinite number of possible variations
of this function. Making sure that Eq. (1) is satisfied for all possible choices of z(x) would
seem an impossible task, and indeed there are not very many problems for which we can
accomplish this task.

There is a distinct advantage, however, to the weak form. Integration acts to smooth
rough things out, while differentiation has the opposite effect. An approximation can be
viewed as a rough thing. Thus, if we approximate the solution to our problem, then the
weak form will forgive us but the strong form will not. The advantage of the weak form of
the differential equation is in its power of approximation. In fact, this approach forms the
basis of the finite element method.

In order to make use of the principle of virtual displacements, both the real and the
virtual displacements must satisfy certain requirements. These requirements result from
the way in which the principle was developed. As noted in the statement above, the princi-
ple of virtual displacements simply states that when a structure satisfies equilibrium, the
external virtual work is equal to internal virtual work. The principle, therefore, does not
implicitly place any restrictions on material properties or compatibility. For the solution to



University of Texas Instructor: E. B. Williamson
CE 381P

Dept. of Civil, Arch. & Env. Eng.

astructural mechanics problem to be exact, however, all relevant conditions of constitution,
equilibrium, and compatibility (kinematics) must be met. As a result, in order for a dis-
placement function to be admissible, it is necessary that it satisfy the condition of displace-
ment compatibility implicitly. Thus, both the real and virtual displacements must be of
such a form that the displacement continuity conditions are met from the outset.

For casesin which the real displacements are approximated and do not satisfy the exact
- solution (the one that would be obtained from solving the Boundary Value Problem), enforc-
ing the condition that the external virtual work be equal to internal virtual work leads to
an approximate answer. Although the approximate solution obtained from the virtual work
approach cannot give exact satisfaction of equilibrium throughout the structure, it can be
shown that equilibrium is satisfied in a weighted-average sense. If more terms are
employed in the approximation of the displacement, the resulting approximation comes
closer to satisfying the correct solution.
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NUMERICAL INTEGRATION

Numerical integration consists of evaluating a definite integral through a combination of
weighted function evaluations. We write this approximation in the form

b
N
f f@dx = ;b - a) > w, fix) @)

i=1

where w; is the weighting factor associated with integration station i. Although not required,
we will find it convenient to make a change of variables so that the integral is defined on the
interval [-1,1]. The change of variables can be accomplished using the mapping

x8) = gl —& + b1 + &) 2)
Note that at §=-1 we have x=a and at £=1 we have x=b. With this change of variable, the origi-
nal approximation problem can be restated as

1

N
ff@dg = Zwif(Ei) 3)
2 i=1
where w, are the weights associated with the function evaluated at location & ,and N is the num-
ber of points at which the function is evaluated (i.e., the number in integration stations). In
essence the problem we are trying to solve can be stated as follows: find the area under the
curve f(§) between the limits of £ = -1 and & = +1, as shown in Fig. 1. There are many numerical

T f€) A f(®)

s

B i) -

Fig. 1. Numerical Integration

methods of the form described by Eq. (3), each one having its own properties and inherent accu-
racy. In this handout we discuss two families of numerical quadrature methods: Newzon-Cotes
Quadrature and Gaussian Quadrature. Both methods are based upon the same criterion: The
method should integrate exactly the highest order polynomial possible. It is this criterion that
defines the method. One would rarely use numerical integration to evaluate polynomial inte-
grals because they are simple to integrate directly. However, the largest exact polynomial de-
gree is an indication of the accuracy of the method for integrating other functions.
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Newton-Cotes Family - The Newton-Cotes family is defined by the requirement that the
sampling locations be equally spaced within the interval of integration. Among the more im-
portant Newton-Cotes formulas are the Trapezoidal Rule and Simpson’s Rule. The approxima-
tion of an integral using Newton-Cotes is accomplished as follows

il

N
f FOLE = e, fE) @
2 i=0
where the quadrature locations are equally spaced within the interval according to the rela-

tionship

giz%—1 §=1q, . K )

and the weighting coefficients are given in Table 1 below. Note that, for this case, the summa-
tion starts with i = O rather than i = 1. In practice, the Trapezoidal Rule and Simpson’s Rule
are most often used in a composite scheme (i.e., by breaking the integral into sub-interval inte-
grals). A Newton-Cotes scheme of order N will exactly integrate a polynomial of order N+1, ex-
cept for Simpson’s rule, which will actually integrate cubic functions exactly (N=2, but a cubicis
a 4th order polynomial). Note that the order of a polynomial refers to the number of terms in the
expression of the function and degree refers to the highest exponent. Thus, a quadratic function
containing constant, linear, and quadratic terms is said to be a third-order polynomial. Such a
function could also be described as a second degree polynomial.

Table 1. Newton-Cotes Coefficients

N c0 cl c2 c3 c4 c5 c6

1 1 1 (Trapezoidal Rule)

2 1/3 4/3 1/3 (Simpson’s Rule)

3 1/4 3/4 3/4 1/4

4 7/45 32/45 12/45 32/45 7/45

5 19/144 75/144 50/144 50/144 75/144 19/144

6 41/420 216/420 27/420 272/420 27/420 216/420 41/420

Gaussian Quadrature - The basic idea behind Gaussian Quadrature is to improve the
accuracy of numerical integration by determining optimal sampling locations in addition to de-
termining the optimal weighting coefficients, w,. Thus, for a two-point integration rule, one has
four parameters to adjust to get the greatest accuracy: w,, w,, £;, and &,. Gaussian quadrature
is the best one can do without additional information about the integrand because all possible
information about the integration scheme is optimized. Gaussian quadrature integrates poly-
nomials most accurately with the fewest function evaluations. In fact, Gaussian quadrature
will integrate a polynomial of degree 2N-1 (order 2N) with only N integration stations and
weights. For example, a cubic polynomial f{x)=a + bx + cx* + dx> can be integrated between

M 259
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any limits exactly with two point Gaussian integration. The first four integration formulas for
the integral of a function on the interval & =[-1,1] are summarized in Table 2.

Table 2. Gaussian Quadrature Stations and Weights

Int(e)%i{i?on Station fi Weight w;
1 0 7 2
J1/3 1
? -7 1
- /3/5 5/9
@b 3 0 8/9
e J3/5 5/9
J@ +2./6/5)/7 @3 - J/5/6)/6
p V@ - 2/6/5)/7 3 + 5/6)/6
- @ -2/6/5)/7 @+ /5/6)/6
- /@ +2/6/5)/7 3 - /5/6)/6

Integrals on Domain x=[a,b] - The integration formula (3) can be transformed to any
general interval x=[a,b] by noting that this interval can be mapped onto £ =[-1,1] by the equa-

tion

2@ = al — & + b + £)] ©)

Now the integral in question can be written as

=1

b
N
j f@dx = 30— a) > w,flx) | -

where x; = 7[a(1 — &;) + b(1 + &)]isthelocation of the integration station in terms of the vari-
able defined on the interval x=[a,b]; the value of &, can be obtained from Eq. (5) for Newton-
Cotes quadrature or from Table 2 for Gaussian quadrature. Alternatively, the original integral
can be analytically transformed to an integral on the interval [-1,1] through the change of vari-
ables given by Eq. (2). Then the original numerical quadrature formulas can be used.

Composite Rules - Because of the linearity of the integration operation, any integral can
be decomposed into a sum of sub-integrals as

b 9 Qs b
f fao)dx = f flodx + f fao)dx + ... + f Fo)dx 8)

ifa<ai<ap<...<a,<b. Numerical quadrature can be applied to any of the subinterval integra-
tions. If the function to be integrated has a jump discontinuity or cusp as shownin Fig. 2, then it

N
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Fig. 2. Functions which require composite integration

is extremely important to subdivide the integral before applying a numerical scheme. Remem-
ber that the integration schemes are equivalent to passing the highest order polynomial pos-
sible through the data at the points of function evaluation (e.g., a cubic for two point Gaussian
quadrature) and then exactly integrating the resulting polynomial. The accuracy of the meth-
od then depends upon how well the polynomial approximates the actual function. Clearly, alow
order polynomial will be a poor approximation of any function with jump discontinuities or sin-
gularities.
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