University of Texas Instructor: E. B. Williamson
Dept. of Civil, Arch. & Env. Eng. CE 363

CE 363 ADVANCED STRUCTURAL ANALYSIS
Fall 2005
Unique Nq..- 14900

Course Purpose:

CE 363 focuses on computing the response of statically indeterminate structural systems. This course will
extend many of the concepts treated in CE 329, and it will introduce matrix methods of analysis that form the
basis of all modern structural analysis software.

Course Objectives:

By the end of the course, you should be able to do the following:

* Compute structural deflections accounting for applied loads, temperature effects, initial fabrication er-
rors, support settlements, and flexible supports.

°* Determine internal member forces and resulting stress distributions.
* Analyze statically indeterminate structures using both stiffness and flexibility approaches.
» Use and/or develop structural analysis software to analyze complicated structural systems.

» Interpret the output from computer-based analyses for the purpose of structural design.

Text (optional):

West, H. H. and Geschwindner, L. F. (2002) Fundamenitals of Structural Analysis, 2nd Ed. . John Wiley & Sons,
Inc., New York, NY.

Additional References:
Kassimali, A. (1999). Matrix Analysis of Structures. Brooks/Cole Publishing Company, Pacific Grove, CA.
Hibbeler, R. C. (20006). Structural Analysis, 6th Ed. Pearson Prentice Hall, Upper Saddle River, NJ.

McGuire, W., Gallagher, R. H., and Ziemian, R. D. (2000). Mazrix Structural Analysis: 2nd Ed. John Wiley &
Sons, Inc., New York, NY.

Sennet, R. E. (1994). Matrix Analysis of Structures. Waveland Press, Inc. Prospect Heights, IL.

Office Hours:

Tu/Th 1:30 - 3:00 P.M.
W 10:00 - 12:00 noon

Office: ECJ 4.722
Phone: 475-6175
email: ewilllamson@mail.utexas.edu

Class Hours:
Tu/Th 9:30 - 11:00 ECJ 5.410



University of Texas Instructor: E. B. Williamson
Dept. of Civil, Arch. & Env. Eng. CE 363

Prerequisite:
CE 329

Conduct of Course:

Attendance: The course consists primarily of lectures and in-class problems. Attendance is essential and
will follow the policies set forth in the Undergraduate and Graduate Catalogs.

Homework: Homework problems will be assigned regularly. Late work (any that come in after the begin-
ning of the period on the due date) will receive a maximum grade of 50%. Late work will not be accepted after
the solution has been made available, nor will late work be accepted from any student more than two times
over the course of the semester.

Homework Format: The homework problems are probably the most important vehicle for learning the
material presented in this course. There are two goals in doing the homework problems: («) to learn the con-
cept or method used in solving the given problem, and (6) to communicate your approach and results to some-
one else (the instructor or grader in this case). To encourage the achievement of these goals, I will insist that a/Z
homework assignments for the semester be done on engineering paper and/or printed out neatly from the
- computer. The evaluation of each homework will depend on both presentation aesthetics and technical cor-
rectness.

Tests: There will be two tests during the semester. Students will be given two hours to complete the mid-
term exams. Exact times and dates will be announced by the instructor at least two weeks prior to the exam. A
final examination covering the entire course will be given during the regularly scheduled exam period (Thurs-
day. December 15. 9:00 - 12:00 noon,).

Missed Tests: If you miss a test without either a certified medical excuse or prior instructor approval, you
may take a makeup test at a designated time near the end of the semester. Only one makeup test will be given. It
will be fair but challenging! Tests missed with certified medical excuses or priorinstructor approval will be dealt
with individually. If you miss the final exam without a valid excuse, a zero will be averaged into your grade.

~ Grading: Grades will be determined according to the following format: Midterm exam with higher grade
(30%), midterm exam with lower grade (25%), homework (15%), and final examination (30%). A grade of 90 or
above will receive an A, 80 or above at least B, 70 or above at least C, and 60 or above at least D. Exceprion: In
order to receive a passing grade, your exam average must be 60 or above.
Notice: I do not curve grades in this course. Itis theoretically possible for everyone in the class to get an A (or
an F). Your performance depends only on how you do, not on how everyone else in the class does. Therefore,
it is in your best interest to help your classmates in every legal way possible.

Gray areas between guaranteed letter grades: There will be a “gray area” of several points below the
specified numerical cutoff for letter grades. Thus, two people getting the same numerical grade (say an 89)
might receive different grades for the course. If you are in one of these gray areas, whether or not you receive
the higher or the lower grade depends upon your improvement over the semester and your participation in
class and group work. If your test performance has shown improvement and you actively participate in class
discussions, your grade will go up.

Academic Integrity: As engineers you will be responsible for upholding the canons of ethics for the pro-
fession. A test of your ability to do so is to uphold the University’s Academic Honesty Policy. While I do not
anticipate problems of this nature, any instances of academic dishonesty will be dealt with immediately and
severely in accordance with published procedures. Students who violate University rules on scholastic dishon-
esty are subject to disciplinary penalties, including the possibility of failure in the course and/or dismissal from
the University. Because such dishonesty harms the individual, all students, and the integrity of the University,
policies on scholastic dishonesty will be strictly enforced. For further information, visit the Student Judicial
Services web site http://deanofstudents.utexas.edu/sjs/.

Consulting with the instructor: You are strongly encouraged to discuss academic or personal questions
with the instructor during office hours or by email.



University of Texas Instructor: E. B. Williamson
Dept. of Civil, Arch. & Env. Eng. CE 363

Important Dates:

September 6 Last day to drop course without approval of Chairman and Dean
September 16 Last day to drop course for a possible refund

September 28 Last day to drop course without possible academic penalty
October 26 Last day to drop course with Dean’s approval

November 24-26 Thanksgiving Holidays

Course Evaluation:

The students will evaluate the course and the instructor on forms provided by the Measurement and Evalu-
ation Center.

Additional Information:

Web-based, password-protected class sites will be associated with all academic courses taught at the Uni-
versity. Syllabi, handouts, assignments and other resources are types of information that may be available with-
in these sites. Site activities could include exchanging email, engaging in class discussions and chats, and ex-
changing files. In addition, electronic class rosters will be a component of the sites. Students who do not want
theirnames included in these electronic class rosters must restrict their directory information in the Office of the
Registrar, Main Building, Room 1. For information on restricting directory information, see the Undergraduate
Catalog or go to: http://www.utexas.edu/student/registrar/catalogs/gi00-01/app/appc09.html.

The University of Texas at Austin provides upon request appropriate academic adjustments for qualified stu-
dents with disabilities. For moreinformation, contact the Office of the Dean of Students at 471-6259, 471-4241
TDD, or the College of Engineering, Director of Students with Disabilities at 471-4382.




Brief of History of Structural Mechanics and Analysis

1700-1800:

1800-1900:

1900-1950:

1950-1955:

1955-1965:

1965-present:

Fundamental concepts of elasticity (stress, strain, constitutive laws) are
established. Work and Energy concepts for rigid and deformable bodies are
developed.

Systematic methods of structural analysis begin to emerge, and there is further
development of energy/work concepts.

e Reciprocal Theorems

e Unit Load / Unit Displacement Methods

e Castigliano’s Theorems

e Rayleigh-Ritz Methods (1900-1910)

Slope-deflection equations are formulated (early stiffness-based approach), the
moment-distribution method is developed, and approximate analysis techniques
are established for regular frame structures.

The first real, usable computers appear. The solution of many simultaneous
equations becomes practical and leads to opportunities for new analysis methods.

Early work on a formalized stiffness method of analysis begins. There are many
debates over stiffness-based versus flexibility-based methods of analysis. Early
general purpose computer programs start to emerge.

This period is recognized as the modern era of structural analysis. Stiffness-based
analysis approaches are dominant. The finite element method comes into
widespread use. Computer software becomes widely available on personal
computers.

Classical methods of analysis (e.g., moment distribution) are now used for checking computer-
generated output and for quick manual computations for simple frames.
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jLetters to the Editor

: Sanity Checks Needed for Engineering Software Calculations

Re: Is it Ethical to Use an Engineering Software Program to
Solve a Problem if You Cannot Complete the Calculations
Manually? (Clay Forister PE, Summer 2005)

I found the article by Clay Forister PE in the Summer issue of
the Texas Civil Engineer on the use of engineering software programs
very interesting. It reflects many of my concerns on the current use
of such programs and should be required reading for all engineers.

In my engineering experience, there have been instances where
major errors in computer analyses were identified and fortunately
corrected before transmitting the results to the client. However, the
initial attitude was, the computer generated the results so they must
be correct. Sadly, programming errors can have fatal consequences.

This was the case in the recent collapse of a rail tunnel in
Singapore where four lives were lost. One of the causes of the
collapse “was the use of an inappropriate soil simulation model,
which overestimated the soil strength at the accident site and
underestimated the forces on the retaining walls within the
excavation.” (Engineering News Record, May 23, 2005, page 15).

The use of computer programs is here to stay. Although in most
cases one cannot perform check computations by hand, there
should be a “sanity” check on the results. A critical issue mentioned

by Mr. Forister was whether the user has a complete understanding
of the assumptions embodied in the program, and whether they are
appropriate to the problem being analyzed. This will be a function
of the person’s knowledge of the theory, boundary conditions,
formulae, computational methods, and other factors used in the
program. In today’s legalistic environment, it is incumbent for
engineering firms to have quality assurance and/or quality control
procedures in place for checking the appropriateness of the program
and results from computer analyses. I wonder if the problem is fully
recognized in today’s university environment where the trend in
engineering education is to lessen the credit hours to obtain a degree
and reduce the number of technical courses.

A concluding thought: what would be the position of an
engineering licensing board on the engineer or group of engineers
who performed the analyses in the Singapore tunnel collapse?

David Burgoine PE MASCE

Texas Civil Engineer welcomes letters to the editor. Letters should be
e-mailed to tce@silentpariners.com or mailed to: Managing Editor, Texas Civil
Engineer, /o Silent Partners, 8727 Shoal Creek Blvd., Austin, TX 78757-
G6815. Submission of letters implies permission to publish unless otherwise
stated. We reserve the right to edit letters for style, length, and clarizy.
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- CATHERINE Hovell

University of Texas Instructor: E. B. Williamson
Dept. of Civil, Arch. & Env. Eng.

CE 363 Advanced Structural Analysis - Exam 1

Instructions: There are three (3) questions. Attempt to answer all of them. Turn in the exam sheet
with your exam.

1. 35%) The truss shown in the figure is stati-
cally indeterminate to the first degree. In
addition to the applied loads, member ac is

subjected to a uniform temperature change, AT = 100°F
member bd has an initial misfit (it is longer AL = 0.25 inch
than originally specified), and the support at E = 15,000 ksi
d settles downward by 3 inches. All members 12’ A & Fogil
have the same EA. a=65x10-5/°F
(@) Select the horizontal support reac- |
tion at d as the redundant static
quantity, and solve for all member
forces. Clearly indicate whether each
member is in tension (T) or compres-
sion (O).
(b).Determine the horizontal dis-
placement at ¢ (4cc))
I = 288int
2.(30%) The structure shown in the sketch is stati-
cally indeterminate to the first degree. It is pin- , E'= 29,000k
= 12 inches

supported ata and d. In addition to the applied 40
k load, the support at d settles downward by 3 in-
ches and the beam is subjected a temperature
change that is constant over its length. The tem-
perature variation through the depth is linear, and
the bottom is hotter than the to p of the beam. The

a =6.5x%x107%/°F

moment diagram due to these effects has been Mo 83.11
computed and provided for you in the figure. }47—61>1
83.11
Assume that EI is the same for all members, and 264.59

compute the horizontal displacement at ¢

) )
Aeqy) 264.59
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University of Texas
Department of Civil, Arch. & Env. Eng.

CE 363 Advanced Structural Analysis

Exam II

Instructor: E. B. Williamson

Instructions: There are four (4) questions. Attempt to answer all of them. Turn in the exam sheet

with your exam.

1. (25%) The truss shown has seven kinemat-
ic degrees of freedom as indicated on the
sketch. In addition to the applied loads,
member ac is subjected to a temperature in-
crease of 100°F. Assume that all members
have the same properties (with values given
in the figure) in responding to the following:

(). Develop the sixth column of K.
(b). Develop the load vector F.

2. (25%) The frame shown in the sketch is fixed at e
and supported by rollers at ¢ and 4. In addition to the
uniform load acting on span bc, span cd is subjected
to a thermal gradient, and the support at ¢ settles
downward. The thermal gradient is constant over the
span, and the bottom of the beam is hotter than the
top. All members have cross-sectional dimensions of
width b and depth A. Assume that £/ is the same for all
members and that the coefficient of thermal expan-
sion is equal to a.

(@) Develop the stiffness matrix K using the
degrees of freedom shown on the sketch
(i.e., domnot introduce an additional degree
of freedom to account for the support dis-
placement.)

(). Develop the load vector F.

12’ 9’
AT = 100°F  E = 15,000 ksi A = 24 in?

a=6.5x107%/°F k= 1000 kips/in
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University of Texas Instructor: E. B. Williamson
Dept. of Civil, Arch. & Env. Eng. CE 363 Advanced Structural Analysis

Homework 1 Due: Septmeber 8

1. The structure shown in the sketch is supported 4R[ft 60 &
by a pin ate and rollers ata and c¢. The structure is M
hinged at-b. Assuming that £/ is the same for the /7.
entire length of the beam, use the moment-area i
equations to compute the deflection atb (4p), the

deflection at d (4z), and the rotation at a (6,).

A
o~ O
N
&
2
[

2. The frame shown to the right is supported by P ol
a pin ata and roller at ¢. The beam and column
are rigidly connected at b. Assume EI is the
same for both members. Using the moment-
area theorems, compute the deflection at ¢ (4.)
and the rotation at a (6,).

3k/ft 12/
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University of Texas Instructor: E. B. Williamson
Dept. of Civil, Arch. & Env. Eng. CE 363 Advanced Structural Analysis

Homework 2 Due: September 15

30k
S @ L
1. The structure shown in the sketch is supported 30 &
by a pin ata and a roller at ¢. Assuming that EI is " » g c >
the same for the entire structure, use the mo- g P 9 d
- i - 777 7/
ment-area equations to compute the deflection e = g ]
at f (4p (both horizontal and vertical compo- g A 10’ T
nents), the deflection at d (4,), and the rotation
at f (0p). E =29,000ksi I = 1,000in*

2. The frame shown to the right is pin-sup-

ported at both @ and e and hinged at ¢. EI for

the beam is twice that of the columns. For the 15'
loading shown, use the moment-area equa-

tions to compute both the vertical and horizon-

tal components of the deflection at ¢ (4¢v) and

Ac@p), the rotation to the left of ¢ (O)), and | >
the rotation the right of ¢ (O®)).

E =29,000ksi I = 1,000 in*
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University of Texas
Dept. of Civil, Arch. & Env. Eng.

Homework 3

1. The structure shown in the sketch is supported
by a pin ate and rollers ata and ¢. The structure is
hinged at b. Assuming that £/ is the same for the
entire length of the beam, use the principle of
complimentary virtual work to compute the
deflection at b (4p), the deflection atd (4,), and
the rotation at a (6,).

2. The frame shown to the right is supported by
a pin ata and roller at ¢. The beam and column
are rigidly connected at &. Assume EI is the
same for both members. Using the principle of
complimentary virtual work, compute the
deflection at ¢ (4c) and the rotation at a (6,).

3. The frame shown to the right is pin-sup-
ported at both @ and e and hinged at ¢. EI for
the beam is twice that of the columns. For the
loading shown, use the principle of compli-
mentary virtual work to compute both the verti-
cal and horizontal components of the deflec-
tion at ¢ (Acev) and A.gp), the rotation to the
left of ¢ (6)), and the rotation the right of ¢

Ocw)-

Instructor: E. B. Williamson
CE 363 Advanced Structural Analysis

Due: September 28 27
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University of Texas Instructor: E. B. Williamson
Dept. of Civil, Arch. & Env. Eng. CE 363 Advanced Structural Analysis

Homework 4 Due: October 13, 2005

1. For the truss shown below, compute the vertical deflection ate and the horizontal deflection atZ. Assume that
all members have a cross-sectional area of A =4 in2 and a modulus of elasticity E= 29,000 ksi. Note that, in
addition to the applied loads, member ce has been heated by 50°F, and member ad has an initial misfit of
AL = 0.75 inches. Assume that the coefficient of thermal expansion for all members in the truss is

a =85 %X 107%/°E.

40 k 40 b

, .« 11

S
7

4@6 =24 —l

2. The structure shown in the figure below consists of a cantilevered frame in which the beam and
column have the same properties. In addition to the uniformly distributed load applied to the beam,
the column is subjected to a temperature gradient that varies linearly through its depth and quadrati-
cally over its length. Referring to the figure below, the right side of the column is heated by 50° F
above its mean temperature at the mid-height of the column, and the left side of the column is cooled
by 50°F at the mid-height of the column (i.e., the column face on the inside of the frame is at a greater
temperature than the column face on the outside of the frame). Thus, the total temperature variation
at the mid-height of the column is47, = 100°F, and the mean temperature is unaffected. Using Virtu-
al Work Principles, compute both the horizontal and vertical components of displacement at pointc.
In performing these computations, be sure to account for deformations due to axial, shear, flexural,
and thermal effects. Parameters needed to solve the problem are provided in the figure.

w
- b ¢ E = 29,000 ksi a =65 X 10'6/°F
A G = 12,000 ksi AT, = 100°
M] 2
A = 24 in? AT(x) = 4AT,,(976—“}€—2)
AT(x)
10 I = 288 int b=2in
k=12 bh =12in
a
" pP w = 2k[ft
8!
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University of Texas Instructor: E. B. Williamson
Dept. of Civil, Arch. & Env. Eng. CE 363 Advanced Structural Analysis

. 20
Homework 5 Due: October 25, 2005

1. All members shown in the figure below have the same cross-sectional properties. In addition to the
applied loads, the structure experiences displacements at the supports, and member bc experiences a
temperature change that varies linearly through it depth. The bottom of the member becomes hotter
by 50 degrees, and the top becomes cooler by 50 degrees. The member has a depth of 12 inches.
Using the method of consistent deformations, determine the support reactions for the structure. After-
ward, draw the shear force, axial force, and bending moment diagrams. Finally, compute the hori-
_zontalndisplacement at ¢. For this problem, ignore axial and shear deformations. Parameters needed
to solve the problem are provided in the figure.

3k 40 &
-r—a+ Poyob g ¢ '
7 b /{i E = 29,000 ks Far= 3TE'Y
6 60 & ' I = 288 int dg=5in |
=S g 5
‘ a = 6.5 X 10~°%/°F 0, = o_oamd(
3 | k=3 kfin
da
/S 4
16! 4’ 8) i

2. Forthe truss shown below, compute the horizontal and vertical deflection at c. Assume that all members have
a cross-sectional area of A =4 in? and a modulus of elasticity E= 15,000 ksi. In addition to the applied loads,
member bc is heated by 50 degrees F and member ad is heated by 80 degrees F. Also, member ac has an initial
misfit of 0.10 inch and member b4 has an initial misfit of 0.05 inch. The coefficient of thermal expansion is equal

to 6.5 X 1075/°F.

8/
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University of Texas Instructor: E. Williamson
Department of Civil Engineering CE 363 Advanced Structural Analysis

Homework 6 Due: November 1, 2005

The truss shown in Fig. 1 is statically indeterminate to the second degree. It has 8 kine-
matic degrees of freedom (show them on a sketch). All of the members have area A and
modulus of elasticity E. Find the forces that must be applied at the joints to move joint & an
amount Ugy with all other joints fixed against motion, in order for the structure to be in
equilibrium. Repeat the exercise for the horizontal movement at joint b, that is, find the
forces required (for equilibrium) to move joint & an amount u,, with all other joints fixed
against motion. Repeat the exercise for a vertical movement at joints ¢ and e. '

. a b Cc
L
Y d e i
77 . 7
e . _ |
L L L Joint a moved vertically by

Fig. 1. Description of structure and example of joint movement

For discussion: A problem in which the motion of the structure is completely known is
called kinematically determinate. If we specify all of the joint movements in a truss, we
know the motion completely, and thus we are solving a kinematically determinate struc-
ture. What role does static indeterminacy play in the solution of these kinematically deter-
minate problems? Explain why.
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University of Texas _ Instructor: E. Williamson
Department of Civil Engineering CE 363 Advanced Structural Analysis

Homework 7 Due: November 8, 2005

The truss shown in Fig. 1is subjected to a downward force of 5k at joint ¢. The structure
has three kinematic degrees of freedom. All of the members have area A and modulus of
elasticity E, with numerical values as indicated. Find the displacements at the three degrees
of freedom caused by the loading. Find the values of the deformation in each member in
terms of the nodal displacements, and then find the axial force in each member by multiply-
ing the deformation by the stiffness of that member (EA/L). Set up three equations in three
unknowns (the nodal displacements) by establishing joint equilibrium at each joint. The
structure is statically determinate, so check the member forces using only statics. (Note:
watch your units).

All members:
A=4.0in?
E=10,000 ksi

200 12!

Fig. 1. Description of structure and loading

For discussion: Consider a new load case in which a 10 & force acts in the vertical direction at
joint ¢ in addition to horizontal force of 5 k&. Compute the new member forces using the ap-
proach described above, and comment on which terms in your equilibrium equations change
and if any remain the same. Compare and contrast the solution for the new load case to that |
which would be required using a force-based solution procedure. What parts would be simi-
lar, and what parts would be different had the structure been statically indeterminate?
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University of Texas
Department of Civil Engineering

Homework 8

1. The frame shown in the sketch is kinematically
indeterminate to the seventh degree. The de-
grees of freedom are numbered as shown. As-
suming that all members have the same proper-
ties, perform the following computations:
(a). Develop the stiffness matrix K.
(b). Develop the load vector F.
(¢). Determine the displacement vector .
(d). Draw the shear force, axial force, and
bending moment diagrams for the struc-
ture.

2. Assuming all members are axially rigid, the
frame shown to the right is kinematically indeter-
minate to the third degree. Using the degrees of
freedom shown on the sketch, perform the fol-
lowing computations:

(a). Develop the stiffness matrix K.
(b). Develop the load vector F.

350 k-ft

Instructor: E. Williamson
CE 363 Advanced Structural Analysis
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University of Texas Instructor: E. Williamson
Dept. of Civil, Arch. & Env. Eng.

CE 363 Advanced Structural Analysis

Homework 9 Due: 29 NOV

Accounting for both axial and flexural deformations, the frame shown in Fig. 1 has five
degrees of freedom. The structure is subjected to a uniformly distributed load of 4 £/ft over
member bec, and a lateral force of 20% at joint b. All of the members have area A, moment of
inertia I, and modulus of elasticity E, with numerical values as indicated.

(a). Develop the stiffness matrix K.

(b). Develop the load vector F.

(c). Determine the displacement vector .

(d). Draw the shear force, axial force, and bending moment diagrams for the structure.

2 7 1 Uy 777
8’
All members:
a ;
e i E = 29,000 ksi
I =288in*
_ A = 24in?
N 6’ 15’

Fig. 1. Description of structure and loading

If we assume that both members are axially rigid, the number of degrees of freedom for
the structure is reduced from five to three.
(e). Determine the matrix I' that relates the unconstrained degrees of freedom to the

constrained degrees of freedom.
(f). Using the matrix I' developed in (e), compute the stiffness matrix and load vector for

oY \A’ N the constrained system.
wc,x\’f & (g). Develop the stiffness matrix and load vector directly using the motions associated with

the constrained degrees of freedom. Your answer should match the solution obtainedin

-
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University of Texas . Instructor: E. Williamson
Dept. of Civil, Arch. & Env. Eng.

CE 363 Advanced Structural Analysis

Homework 10 (OPTIONAL) Due: 8 DEC

Accounting for axial and flexural deformations, the structure shown below has nine degrees
of freedom. The member numbers and orientation relative to the global X-Y coordinate sys-
tem are shown on the accompanying sketch. All members have the same rectangular cross-
section with width 6=1.5 inches and depth d = 15 inches. In addition, all members are com-
prised of the same material with E =20,000 £s:. The structure is subjected to a uniform load
(acting perpendicular to the member axis) and a concentrated horizontal force. Set up and
solve the equilibrium equations Ku = F to determine the rotations and displacements at the
ends of each of the members. Find the reaction forces and plot the axial force, shear force and
bending moment diagrams. Sketch the deflected shape of the structure.

12’ 12’

Description of structure and loading Member Definitions
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| GRAPHICAL VIRTU AL WORK
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|SHEAR DEFORMATIONS
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I Bears — computed using VW

— addional aspect of displacement o accounyy for

1 b L ~ angle \ndicated =
¥ =3y
' =1 ¥ = shear stvoun
| Jos
7§'d—+ — WaNT EXPressions for Snear sivess ,Shear SYodn
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e Gy
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Shear sWesses

A

E ) ID non-near (quadvm‘\C} Jdistn bunon
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SV = v Qowercage v —virtual ghneay FHos Wouid
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ESHEAR DEFORMATIONS
f
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using form focior n equanon
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SHEAR DEFORNMATIONS
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| i. Shov beam
2.degp beam
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| THERMAL EFFECTS

o fiexvra\ members

] 114
P i e ==
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Go= [l + o ('TB-T»J]dx
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st S R T ﬁ_
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IVirtual work Approoln
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| curvoure Sha, moMmenNT ot centyord Of varTuad yornent
of area unaer W \S \NCOYYECH.
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|STATICALLY INDETERMINANCY

Sivrucrorey
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Example Problem -

The structure shown in the sketch below is statically indeterminate to the second degree. It is fixed ata,
supported by roller at ¢, and supported by a spring with stiffness £ ate. In addition to the applied loads, the
support at @ settles downward by 3 inches and rotates counterclockwise by 0.02 7ad. The support at ¢
settles downward by 5 inches. The beam is also subjected to a temperature change that varies linearly
through the depth and is uniform over the length. The temperature differential between the top and bot-
tom of the beam is 200 degrees F with the bottom hotter than the top: The modulus and moment of inertia
are uniform over the entire beam.

Draw the shear and moment diagrams for the structure and determine the deflection at b.
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University of Texas V E. Williamson
Dept. of Civil, Arch. & Env. Eng. CE 363

Example Problem

The truss shown in Fig. 1 has four displacement degrees of freedom, numbered as shown on the
sketch. All of the members have modulus of elasticity E=15,000 ks, and cross-sectional areas as fol-

lows:

Member Area (in?)
ab 1
ac 3
ad 2
bc 2
bd 3

The structure is subjected to a downward vertical load at point a of 15k and a downward vertical
load at point b of 5k. Determine the 4x4 structure stiffness matrix of the structure. Find the joint dis-
placements, member forces, and support reactions induced by these loads.

15k Sk

b T—uz'ul T—i Us

VP rs 7

f I i ’ll Displacement degrees of freedom

Fig. 1. Description of structure and displacement degrees of freedom

To solve this problem we must first identify the kinematic degrees of freedom. Once the degrees of
freedom are identified, we can proceed to determine the relationship between the stretching 4 in each
member and the displacements u at these degrees of freedom. We can express the member axial forces
in terms of the member stretches by noting that N = A(EA/L). Since we know 4 in terms of the u’s
we can write expressions for the axial forces in each member in terms of the nodal displacements. Fi-
nally, we can establish equilibrium at each joint by setting the sum of forces equal to zero, Since we
know the axial forces in terms of the u’s, the result is a set of equilibrium equations in terms of the
nodal displacements. If we take the equilibrium equations at the degrees of freedom only, this pro-
vides us with four equations with four unknown (displacements) for the present problem. This linear
systems of equations can be solved to determine the displacements. The displacements can be substi-
tuted back into the axial force equations to get the axial forces. The reaction forces can then be deter-
mined from equilibrium with the member forces. The following gives two slightly different approaches

to executing these steps.



1. Compute member distortions due to nodal displacements

Uz
I! !/
= /
’ i
-
as ol
V4 V4

4 4

4V 4 7

2. Evaluate axial forces in members in terms of nodal displacements

Ay = =gy % 1y [EA/L],, = 750 N, = 750[— uy + us]
Age = Zfuy + uy] [EA/L]s = 2250/2 Nae = 2250[u; + u,]
Apy = Z[—uy +uy) (EA/L],, = 15002 N, = 1500[— u; + 1]
Ay = BO[3u; +uy [EA/L],, = 300,10 N, = 300[3us + u,]
Ay = Zlus +u,] [EA/L],, = 22502 Ny, = 2250[u; + u,]

3. Find equations of equilibrium in the direction of each degree of freedom

15k At point a
/"V—’ Nab. (1) sz =0 —@Nac + QNM, + N, =0
/ _ P Ip _
Nac \Nad ) ZF’W —O_ _7Nac n —i—Nad =1
Pk At point b
/
NC
’ v W SF,=0 -2N, -y _ 5=
bd

4. Substitute expressions for member forces in terms of nodal displacements
() D Fa=0 —11252[u; +uy] + 750V2[— uy +uy] + 750[— u; + us] = 0
@ D Fe=0 —1125/2[u; +uy] — 7502[—uy +uy] — 15 = 0
() D Fp=0 —1125/2[us + u,] — 90/10[Bus + u,] — 750[— uy + us] = 0

(4 D F,=0 —1125/2[us +u,] — 30/10[3u; +u,] — 5 = 0



5. Gather coefficients of common terms

(1) > Fra =0 3401.7u; + 5303u, — 750u; = 0

@ > Fp
& D Fy

(9 > Fp=0 —18756u;+ 16859, = —5

0 530.3u; + 2651.7u, = — 15

0 —750u; + 3194.8u; + 1875.6u, = 0

6. Put equations into matrix format Ku=f

3401.7 5303 -750.0 0.0 || 4 0.0
530.3 2651.7 0.0 0.0 || u, -15.0
= Units of K are k/ft
~750.0 0.0 3194.8 1875.6 || us 0.0
0.0 0.0 18756 16859 || ¥4 =35.0
7. Solve equations to get 8. Substituting the displacement values into
= - - the equations for the forces gives:
L [ 0.0024263
' N, = 750[— u; +us] = 3.72k
—0.0061420
g 0.0066618 N, = 1500[— u; + u,] = — 12.85k
” 0 N, = 300[3u; +u,] = 2.88k
- - - Ny = 2250[us + u,] = — 836k
9. Find reactions from member forces
Nac
_ 2 3/10 _ _
//VNCb ZFXC - O 7Nac + T)—Ncb + RCX - 0 ch = 3179k
C s
A /10 _
ch% szc =0 %Ny, + SN, + Ry = 0 Ry = 5.00k
Ry
N, Ny, B A | 7 '
. y >Fy=0 —2N, + 2Ny + R, =0 | R, = —3.17%
2 2
Rdx%d D> Fy=0 2N, + 2N, + R, = 0 R, = 15.00k
Ry

Clearly, the reaction forces satisfy global equilibrium.



An alternative approach

1. Forces required on a typical member to move unit amount in member degrees of freedom:

= sinfcosf, 6 = angle of inclination of member

- 2. Forces required on structure to move unit amount in structure degrees of freedom

3. Evaluate the forces acting at points a and b due to stretching of the members

scuy + s%u, scuy + s%u, ‘
2 Noting that sin(0)=0
T Czu1 + scu, Lc Uy + scu, J &
a a
X [EA/Ll, 0 . X 0
X [EA/Llac Cuy —cuy | —cluy + cluy
3 o—
d
a x[EALL, b
Ouc = /4 0,y = 37/ 6, =0
Member ac Member ad Member
ab
scuy + s%uy 5
scus + suy
2
cUy + scu
b 2 ! b ctuy + scuy
d X [EA/L)y X [EA/L)p,
e
e —
0, = 7/4 6, = tan™(1/3)

Member bd Member bc



3. Evaluate the forces acting at points @ and b due to stretching of the members

11252 (u; + uy)

atgmﬁ@+m

Onc = /4

Member ac

scus + stu,

b ctuy + scuy
d x [EA/LY,

Oy = /4
Member bd

2
scuqy + su,

c2u, + scu

1 2

a
X [EA/L]y

d

0,4 = 3m/4
Member ad

o——0
a x[EALY, b
eab =0
Member
ab
scus + s,
b ctuy + scuy
X [EA/L)p,

6, = tan~1(1/3)
Member bc

Noting that sin(0)=0

0 0
t_ciul — Py,

T_ 2 2
cuUy + cuy



4. Sum forces in the direction of each degree of freedom (i.e. at nodes a and b):

kll
0 [I(CZEA/L)ac + (cEA/L),y + (PEA/L) ]
+ [(ScEA/L)ac + (SCEA/L) ,4lu, — [(CZEA/L)ab]uJ =

@i >

l J
kll k31 :
I k12 ] I kzz I
@) ZFy,l =0 [(scEA/L)ac + (SCEA/L) 4lu; + [(S2EA/L)sc + (S2EAJL) 4y = — 15
| k13 | k33
[ 1 JFe 1

() > Fu=0 —[(EA/L)ylu; + [(PEA/L),, + (PEA/L) g + (PEA/L)polus
+ [(scEA/L),, + (scEA/L)pglug = 0

k43
k34 k44
(4 ) Fy =0 [(cEA/L)y + (cEA/L)yglus + [(°EA/L)y, + (PEA/L)ygluy = =5

All k’s not shown are zero.

5. Substituting values for trigonometric functions and EA/L, and expressing equations
in matrix format Ku=f gives

3401.7  530.3 —750.0 0.0 ||u| | 00

530.3 26517 0.0 0.0 || u, -15.0
= Units of K are k/ft

~750.0 0.0 3194.8 1875.6 || us 0.0

0.0 0.0 18756 16859 || “s ~5.0 |

These equations are exactly the same as those obtained by the other method.

The second approach is nothing more than an abbreviated version of the first approach, wherein
we combine the first few steps into one by recognizing that we can solve the problem of determiningthe
relationship between the x-y components of the axial force in each member and the nodal displace-
ments once and for all. For specific problems we just use these relationships, adding the contribution
that each member makes to the overall nodal equilibrium equations. Study these two approaches care-
fully until you can see how they are related.
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University of Texas E. Williamson
Dept. of Civil, Arch. & Env. Eng. CE 363

Example Problem

For small displacements, axial and flexural displacements are uncoupled and therefore can be
treated independently. The frame shown in Fig. 1, accounting for both axial and flexural deformations,
has seven degrees of freedom, numbered as shown on the sketch. All of the members have the same
modulus of elasticity £, moment of inertia /, and cross-sectional area A4.

The structure is subjected to a uniformly distributed load that acts on the left-hand beam and a
concentrated load acting at the mid-span of the right-hand beam. In addition, the frame is loaded lat-
erally by a load H acting at the left end of the beam. We seek to develop the 7x7 structure stiffness
matrix and the 7x1 load vector. Find the joint displacements and rotations, member forces, and sup-
port reactions induced by these loads.

Uy
H c iy P /s, 6
s b co ol 7—;97(—* { us ~97>
a
9

d

v r o
< “ > 7 Displacement degrees of freedom

Fig. 1. Description of structure and displacement degrees of freedom

To solve this problem we must first identify the kinematic degrees of freedom. Once the degrees of
freedom are identified, we can proceed to determine the relationship between the deformations in
each member and the displacements u at these degrees of freedom. In order to accomplish this task,
we study the deformed shape of the structure that results when each degree of freedom is moved by a
unit amount while holding all other degrees of freedom equal to zero. With these deformations known,
the forces that develop in the members can be computed. A solution to the problem is then achieved by
enforcing equilibrium at each of the degrees of freedom. For this example, we must solve seven simul-
taneous equations to determine the displacement quantities at each degree of freedom. With the dis-
placements known, these values can be substituted back into the member force —deformation rela-
tionships to determine the shear force, axial force, and bending moment at the member ends. The
reaction forces can be determined from equilibrium with the member forces.



1. Compute member distortions due to nodal displacements
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2. Develop the structural stiffness matrix and load vector.
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- Response for Axially Rigid Case

If the above structure is re-analyzed with the assumption that each of the members behaves in an
axially rigid manner, the number of degrees of freedom for the structure is reduced from seven to four.
The degrees of freedom for the constrained system are shown in the sketch below.

v vV ¥ 1 iZ. 7
H s, g (‘\ 2 (—\3 7,
5L 5 LS L s
a
&
d
T i
I~ ; Displacement degrees of freedom

4

Fig. 2. Description of structure and displacement degrees of freedom assuming all members are axially rigid

Rather than re-deriving the stiffness matrixand load vector for the new degrees of freedom, we can
compute it by enforcing the necessary constraints on the system of equations previously developed.
Therefore, we simply need to develop a mapping that relates the degrees of freedom in the uncon-
strained structure to the degrees of freedom for the constrained structure. Thus, let

uorfginal = I U consiraimed OF U = I'm
where, in expanded form, we have the following relationship

Uy
Uy
Us

o

SIS

EN

U, |=
Us
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O O OO OO
OO R OOOOC
- OO OO OoO0OOo

U

| O mr oo r—o

Because of the constraints, the load vector must also be modified, and the constrained load vector is
given by

= T = J7
F, constrained ~ ﬂ E, original or F=IF

As a result of these relationships, the equilibrium equations can be modified to give the constrained
system of equations

Kz = F where K =ITKTI'

For this example, the resulting stiffness matrix is 4x4 as it should be. The stiffness matrix for the
constrained system is given as



[— " — i | e e )2 ==
4EI 2E1 0 _ WG
£ : 2 0 Uy 12
2wl UL EL 2B _6H|| g Pe,_w(e?
YR @ | | =T @
0 =5 4EI 0 || & o
el el . 8
6E1 _
0 . 2EI| | 7
e (&) g 77 I (SR SR

Note that none of the terms are dependent upon the axial stiffness EA4 /€ of either member. Study the
development of the constrained system of equations until you can derive the appropriate expressions
for any planar frame. ‘
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Oblique Supports & Generalized Constraints
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If we have a horizontal roller and both members are axially rigid
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Assembly of the Structural Stiffness Matrix

Assembly of the structural stiffness matrix can be thought of as a mapping process in which terms
from each of the member stiffness matrices are added to the structural stiffness matrix according
to the way in which local member displacement quantities “map” to the structural degrees of free-
dom.

To accomplish this mapping, let us create an array of indices called en (short for code number). The
columns of en will be in-one-to-one correspondence with the members of the structure. The rows
of en will be ini one-to-one correspondence with member degrees-of-freedom in global coordinates.
The element cn ;will be the global degree-of-freedom number which corresponds to member degree-
of-freedom i in member j. For the example structure cn takes the form:

U

»\L Uuq

7.\

1 2 3  Member number

Local degree-of-freedom number

N - O O
[N S
N = O O
[ISGJCI ST

Fig. 1. Example Structure

The contribution of member m to the global stiffness matrix is constructed by assigning its elements
in the following way ‘

Slen@, m),cn(j,m)] < K"(@,)) . ey

where the symbol < means “assemble into” or added to the existing value. In other words, the stiff-
ness coefficient K7 is assembled into the en(i,m) row and en(j,m) column of the global stiffness ma-
trix S, as shown in Fig. 2. It is important to realize that more than one member might contribute
to a particular position in S. To construct the entire stiffness matrix we loop over elements as shown
in the following FORTRAN algorithm: '

en(j,m)
= | = :
| J
Structure | |
Stiffness | |
Matrix | . _Q
e
S = |
I : K"
eni,m) ——————— —— ‘é - l Stiffness matrix
| J for member m
B |

Fig. 2. Assembly Procedure
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subroutine assembIe_global_stiffneés (ndof, nmem, S, cn)
integer ndof, nmem, i, j, k, 1, m, n, cn(4,nmem)
ndof = number of degrees-of-freedom in structure
5 nmem = number of members is structure
double precision K(4,4), S(ndof,ndof)
K = member stiffness matrix in global coordinates
S = global stiffness matrix

do k=1,ndof
do /=1,ndof
S(k,J)=0 linitialize global stiffness matrix to zero
end do
end do

dom= 1,nmem
call Get_Local_Stiffness (K,m) subroutine to get stiffness matrix for member m
doi=1,4
doj=14
S(en(i,m), en(jm))= S(cn(im), cn(j,m)) + K(ij)
end do
end do
end do

In the above FORTRAN subroutine, a call is made to the subroutine Get_Local_Stiffness which re-
trieves the array K for a specified member. Note that the above routine has been developed specifi-
cally for the analysis of trusses. In order to employ this same assembly technique for beams and
frames, the dimensions of the cn matrix and local member stiffness matrix must be increased to
account for the additional degrees of freedom at the ends of these types of members. Be sure that
you can make the required modifications to the procedure above in order to analyze structures with
beam and frame members.

Note that the member end displacements that correspond to restrained degrees-of-freedom (corre-
sponding to the support conditions) do not get assembled into the structural stiffness matrix. The
structural stiffness matrix and corresponding equilibrium equations are expressed in terms of the
unknown displacement quantities corresponding to the structural degrees-of-freedom. We have ac-
counted for the boundary conditions through manipulation of the ¢z matrix. For each completely restrained
boundary degree-of-freedom we assign the global degree-of-freedom number zero. When assembly is car-
ried out, each time a zero is encountered simply do nothing. The result is a matrix without boundary degrees-
of-freedom . For this particular example, the resulting structural stiffness matrix will be 2 X 2. A schematic

of the resulting assembly process is shown in Fig. 3.
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Fig. 3. Schematic showing assembly process for example structure
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